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ABSTRACT

One way to study the representation theory of a group is to get

hold of the simple modules. Finding the multiplicities of these simple

modules as composition factors of the principal indecomposable modules

(PIM) is a step in this way. These multiplicities are the entries of

the Cartan matrix.

In this paper, we use the " Orthogonality Relation " (theorem 60.5

JY[QJ)OF the Brauer characters to get the inverse of the Cartan matrix

for the finite Chevalley group of type A](SL 2,p))
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The Brauer Character.

Let pre finite field of p elements. The algebraic closure of

F will be denoted by K. Let G be the special linear group of type Al’
P

(S1.(2,K)), and G, will denote the finite Chevalley subgroup of G. Recall
! y subgrou

that G1 is the group of all 2x2 matrices with determinant one, and entries

from the finite field Fp (SL(2,p)).

For each non-negative integer r,let V(r) be the corresponding Weyl- .
module with highest weight r . This means that, V(r) is the module obta-'
ined by reduction module p of the corresponding simple module with highest
weight r in the zero characteristic. The Weyl module is a module for

both G and G1

The Brauer character afforded by V(r) will be denoted by c?lf :

Let G? be the set of P- regular clements of Gl' and \Gl‘be the

cardinality of GI . Define:

(P, P - Tg_Zﬁ‘jm P o (1)
1| xeG

———— . >

where CP v (x) is the complex conjugate of Cf) "(x).
r T

So, the Orthogonality Relation reads:

¢ CP r’cf)r'): ¢! s 00 o, TS p- 1 (2)

where C is the(:nrtan matrix.

When applying the relation (2),ve first do it for odd primeJ(P D 2)

»

then to calculate it when P = 2.

t

The Brauer Character for (2,»),r > 2

For each x € SL(2,P),Lect (x) denote the conjugacy class

containing x,and let \(x)\ denote the cardinality of (x).Put:
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e [1 0 -1 -0 1 0 1 0 Y 0
1'- { yz_ O ’d: »a=
[{) 1 0 =] 1 1J 2 1 V-I

- *
where _)) is a generator of the cyclic group FI.The group SI. (2,P)
contains an element b of order P+ 1

Ihen we have (theorem 38.1 on P.498 of [2]) H

| ~
X \(.\')) Notes
1 | P= regular class
z 1 P- regular class
c ,1, (Pz— 1 ) P- singular class
1 2 ]

d 5= (P7-1) P+ singular class

1 2
zc ——p ™= 1) not P-regular class

1 2
zd —2—(P - 1) not P-regular class
L i P- 3
a P(P + 1 ) P-regular class,1 & L§ 5 —
b P(r- 1 ) P- regular class ylgmg ' ; l

Divectly Crom the above table we pot:

‘Gl\=P3 - p

The representatives of the p- regular conjugacy classes are

e P 3 -
1,7 ,nl(l S L\<—LT- s bm(l\im\'(p 21 ) . Let 6 be a primitive

(P—l)t—h root of unity, and let j be a primitive (P+1)—t-[1 root of
unity.Then applying the definition of the Braueyr character (see P.588 of

U] . orr3e2 of 2]  for cthe definition of this
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C.hara(:ter) we have:
CP (1)=1r + 1,
r

T =D D,

\

B, i - "

Foar=L Ler-2) . 1§ te 3 N

tzo 2
L P -1

m ; ; o

LOM=] gt 20 : L s ms—

(-3

The relation (1) makes us more interested in the "summation"

o ;
of the values of C?r at the elements of G rather than 1its

1
value at any particular P- regular element.Denote:
P.2
k(r - 2i s '
v=1_ ¢ ) (4)
Rz

Pt
: zi= i yk(r—Zi) ’ 53
h 32\

So we have:

R '
)_: c?r (nl‘)= : Yy oo (6)
(zo0

L o=

K\’-\lz ¢

2: c?r(bm)z Z: 25 (7
L zo

™z

In order to obtain the last two summations,we have the

following four cases:
¢
(1) r 1is an odd integer
(2) r is an even integer, r (Q" - 1).
(3) r=pr-1

(4) r 1s an even integer, (I’—1)< t £ 2(P=1).
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Case 1; r is an odd integer.
-3z =72
EC? (a )= L-Z Yi* Yoei
g3
: tsdk(r—Zi)_‘_ g K (rm2i)
Rz ‘ )
(17—2:1)1);1 (r~24) ~(r-2i)222
(r- 2i) =2 ) o
. =
(r - 2i)-R -1
- - 1)~ | DT =
Then: C‘ CP (1 ) = 0.
Similarly \? %
‘_
CP(l,"‘) = 0.
wop
Hence:
V-3
/
(P, - ! [
s, P S CP (1)+‘P (2)+P(P+1) Zcf(a )+
?_
+ P(P-1) CP(b’“)_]
™z, :
= 0
(iz';s;)eILZ r is an even ing.eger o <(P - 1) 4
P &h-
Z (a )= Z ylc ’
L-
_ P~ 3
et T
(r-2i) _9:y P= 3
_ 6 (& Ny
yi = ’ = i
=-1,0 § 1§ r, i#r/2.
(r= 21)

G’ -1
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Then:
(-, r
: L —
—— (:Pr(a )= yr/2 " Z yi
L:l (:U".f Y
= P=3 _
2
Similarly:
m .= 1 ~
AN G ¢ Tt =k E
Hence:

1 P= 3
([?o, CPr)= 1)3_{) [2(r+1)+P(P+1)(— 5 -r )4

D .
S (P-1) ( B=l_ . ):] _ P- 2(r+l1}
2 P
Case 3: r= p-1
= =y=—LT=3 o 1 otherwi
YO yr/’Z yr S "Vi otherwise.
4
z. is as in case 2.
Hence:
P l D D I)‘ 3 -_— -
(¥ Py )75 [2I+P(I+1)¢32— (p-3))
P - P )
+P(P—1)(———P—1 = (P'-].)) =0
2
Case: 4 r is an even integer (P-1) < r < 2(p-1).
) _ _ P - 3
Tr=-) 0 ez 7Y (el 2
Tz T2

Y= =1 otherwise.
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“e=(e+l) Pr/2 T 7 re(pel) B B
2 2
z,= -1 otherwise.
Hence
(P, y= L 2es)+p(pe)) 3 22 - (e-2))4
o r P3— p 2

1\

spp-1) (3 — _(r_z))]= - Bt

So,we have just proved:

Lemma 1.

The value of ( ? s Cf ) i
v o r

(1) (Cf) o’ CP l_)‘ = 0, r is an odd integer

(2) (Cfo, Cfr )= _1{-_2(_;*-*1)_ , T is an even integer,

r < pP-1

@, P, =0
(4) (CPO, P = 2B 2iel) , T is an even integer,

P
P-1 < r <2 (P-1).

Before our final result,we need another lemma.

Lemma 2:

| ]

Assume rg r' , and let 0 S r, r' £ P-1 . Then
r
(cf’\r’ cf)r')= Z (CFO’CP:-'—HH)
tzo

Proof.

The proof is a direct application of the relations(3).
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G So we are now ready for our final result.

Proposition 1.

,Assume P > 2, and let r &S T 0 &, r'g(P— 1}

Then we have: =
(1) ( C? , P V=0, r+ r' is an odd integer.
(2) (P y e r5= (r+1)(P-2(r'+1)) r+r' is an
r’ rY P *2

even integer, r+ r'<(P- 1).

M (P, P o = EEZED e

‘ (4P~r—3r'—1).(-P+r+r'+1)+(P+r—r'-1)(rrr'+1.)
&) (PP o=

2p

r+ r' is an even integer,P-1 <r +r' <2J(P-1) .

(s) (CPP-l’ CF o) = L.

' oot

All the parts of this proposition are straightforward
application of the last two lemmas,except part (5) is proved
directly from the fact that V(P-1) is the Steinberg module(§?-2

of [3})

Application for P=7.

5 0 1 0o -3 o 0
0 b 0 -2 0 -3
(.. P _o=1/1] 1 0 3 0 -2 0 0
o -2 0 3 o 0
-3 o -2 0 6 0 0
. o~ 0 1 0 5 0
o o0 o 0o 0o o 1
- -
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6 From the above matrix,we get it% inverse which is the Cartan

matrix C for SL(2,7).

2 0 0 0 1 0 0

0 . 2 0 1 0 1 0

0 0 3 0 1 0 0

C= <o 1 0 3 0 0 0

1 0 1 0 2 0 0

. 0 1 0 0 0 2 0
0 0 0 ) 0 0 |

The above matrix agrees with the result of Jeyakumar in [la] ‘
In this paper the projective cover modules properties are used .

The Brauerr Character for SL(2,2).

Let 1,c,a be as before.SL (2,2) contains an element b of order

P+1 .Then we have:

x \(x) | Notes
1 1 P- regular class
. 2 ;
. c B =} P- singular class
b P(P-1) P- regular class

and we get:

(. P oo —i—-j—— [Cf’ (1) Cf)r.(l)w(}’-l)‘fr(b)Cfr‘(b—l)

Hence

: (CPI.’ CF r\)= —'-é [(r+l)(r'+1)(r'+1)+2 slin(r *1)8sin(r'+1)e

sin~ 8

where 6 = 120°
¢ 3 1

Then
L(CFr’ ‘:‘Pr']= _-;_ ,C:
0

e ]
N
o
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