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ABSTRACT 

One way to study the representation theory of a group is to get 

hold of the simple modules. Finding the multiplicities of these simple 

modules as composition factors of the principal indecomposable modules 

(PIM) is a step in this way. These multiplicities are the entries of 

the Cartan matrix. 

In this paper, we use the " Orthogonality Relation " (theorem 60.5 

,r12j)of the Brauer characters to get the inverse of the Cartan matrix 

for the finite Chevalley group of type A
1
(SL(2,p)) . 
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The Brauer Character. 

Let F be finite field of p elements. The algebraic closure of 

F
P will be denoted bycK. Let C be the special linear group of type Al, 

(SL(2,10), and C
1 will denote the finite Chevalley subgroup of C. Recall 

that G
I is the group of all 2x2 matrices with determinant one, and entries 

from the finite field F (SL(2,p)).

•For each non-negative integer r,let V(r) be the corresponding Weyl- • 

module with highest weight r . This means that, V(r) is the module obta-.  

fined by reduction modulo p of the corresponding simple module with highest 

weight r in the zero characteristic. The Weyl module is a module for 

both C and G
I 
. 

The Brauer character afforded by V(r) will be denoted by 	 r.  

Let C
I be the set of P- regular elements of G

1, and IGlibe the 

cardinality of GI  . Define: 

( 	op r, 	)= 	 
G, 

       

) 	(x) 

x.c ci 

    

fr, ( x ) (1) 

where cp r,(x) is the complex conjugate of 	 '(x). 
r 

 

So, the Orthogonality Relation reads: 

C
1 

, 	r, 	r ' 	P- r' cPr j=  (2) 

where C is theCartan matrix. 

When applying the relation (2),we first do it for odd 
primes(P > 2) , 

• 

then to calculate it when P 	2. 

The Brauer Character for (2,1'),1' > 2 . 

For each x E SL(2,P),Let (x) denote the conjugacy class 

containing x,and let 	(x)1 denote the cardinality of (x).Put: 
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r . 	• 	• 

r, 
0 

, z= 
_ 011 

,C= 

1 

2 

1 
(P

2
- 1 ) 

P(P + 	1 	) 

P (P - 1 	) 

iihere is a generator of the cyclic group F
1 
 .The group SL (2,P) 

contains an element h of order P+ 1 . 

• Then we have (theorem 38.1 on P.498 of [21) : 

Notes (x) 

bin 

1. 
a 

d 

zc 

zd 

z 
I'- regular class 

P- regular class 

P- singular class 

P- singular class 

not P-regular class 

not P-regular class 

P-regular class,l 	L < 
 P- 3
2  

- I'- regular class ,lie m 4  P 	I  
2 

Directly from the above table we get: 

= P3  

(p_o th 
root of unity, and let S be a primitive (P+1)th  root of 

unity.Then applying the definition of the Brauey- character (see P.588 of 

111 , or P.362 of 	{,21 	for the definition of this 

The representatives of the P- regular conjugacy classes are 

1,z ,a(1 	L 
2 	

1 	P- 1  , bm(1 	m 	Let 6". 	a primitive 

P- 3  

2 
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character)we have: 

r (1)= 	r 	+ 	1, 

cf 	(z) 	=(-1)r(r+ 	I), 

r
(aL)= 	

6' 
L.(r- 	2i) 	1 

	

r
(bm)= E 

3 
 t11( r- 	21) 	1 

The 	relation 	(1) 	makes 	us more 

P- 3 

2 

"summation" 

(3) 

P m - 	1 

interested 

2 

in the 

of the values of 	at the elements of C
1

o 
rather than its

r  

value at any particular P- regular element.Denote: 

k(r - 2i. ) , 

k(r -2i) 
In  

so we tvve: 

)-- ~r (a!')= 	Y 
6:0 

L 

).yz  

T  `Tr(bm)= 	2:1 z, 
YVN z 

In order to obtain the last two summations,we have the 

following four cases: 

c 
i (1) r is an odd integer . 

(2) r is an even integer, 	r <(P - 1). 

(3) r= P- I 

(4) r is an even integer, (P-1).‹ r <2(P-1). 

V.= 

Z.= 1 

(4)  

(5)  

(6)  

(7)  



. P-1 
6_, 	

- 6'
(r-21) 	2  (r-2i) 

6-1
(r- 2i) -1 

-(r-2i) 
2 G' 

(r- 2i ) 

P- 3 

) 	_ 7_ 3 	= -(1 + 

cpr(al.)  = 
0. Then: 

(r - 2i) 1  
2 

L:1 
Similarly :VIL  

cpbo 
/ 	T

r (b
n!) = O. 

(-Or  = 0. 
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Case 1; 	r is an odd integer.  
--c1C1/2 	Y/ 2 

(aL
)= 

 
y.+ y . 

L=1 r 	L 	
r-t 

4-1 

Yi+ Yr -i= k(r -21)+ 

: 
64 

 -k(r 

Hence: 

9.s 

Cf)0,, CPr)= 	3 1 	CP 
P - P 	

(1)+ CP (z)+P(P+1) Ecf(aL)+r
Lzi 

1'(p-1)E cP(bm)i 

= 0 

	

Case 2: r is an even integer , r 	- 	. 

cp 

	

r 	vc  1.1 	C.Zo 

P- 3 

	

Yr/2= 	2 

 

Yi= 

(r-2i) 	(r-2i) P-
2
3  

( 
=-1,0 	r, iir/2. 

  

(r- 2i) 
-1 
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( 
o' CP P-1 )= 	3  1 	[2P+P(p+1)(313- 2 3 c?  

+P(P-1)( P-I  
2 

(P-3)) 

(P-A =0 

P - P 
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7--   L Fr(a).  y 

	+ 

	y. 
- r/2 	i 

L z--1 	4.,,, ct ciL  

P- 3 

2 

Similarly: 

r(bm)-  
P - 1 

- r 
2 

Hence: 

, cp 
3
-P 

2(r+1)+P(P+1)(P
- 3 
	 -r 

1 	P- 2(r+1) +P(P- 	
P  

1)( 	r )1 - 
2 

Case 3: r= P- 1 . 

_ 	P - 3 
Yo= Yr/2 Yr 	' 3 
	 ,v.=-1 otherwise. 

- 1 

z. is as in case 2. 

Hence: 

r 

Case: 4 	r is an even integer4p-1)< r < 2(P-1).  

r-(I'-I) 	=Yr/2 	 Y  r+(P+1)  
2 	2 

P - 3 

2 

y.= -1 
	

otherwise. 



= 0, r is an odd integer 

( cro ,cf r  )- P -2(r+ 1) 
P 

, r is an even integer, 

r < P- 1 . 

= 0 

3P-2(r+1) 

P , r is an even integer, 

P-1 < r < 2 (P-1). 
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r 
= 	= 

	

r-(P 	
z

+1) 	r/2 	r+(P+I) 

	

2 	2 

z.= -1 otherwise. 

Hence 

(cP0' )- 	
1 

3 
P - P 

{2(r+1)+P(P+1)( P- 
23 	

(r-2))-} 

+P ( P-1 ) (3 P-1 	3P- 2(r+1) 
2 

So, we have just proved: 

Lemma 1. 

The value of ( 
' 16O 	r) 

 
is : 

Before our final result,we need another lemma. 

Lemma 2: 

Assume r 	r' , and let 0 ,s r, 	P-1 . Then 

cf r')-  )77 ( 	c r'-r+2i)  
L 

Proof. 

The proof is a direct application of the relations(3). 

P - 
2 

L 
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1 0 -3 

0 -2 0 

3 0 -2 

0 3 0 

-2 0 6 

0 1 0 

0 0 0 

0 0 

-3 0 

0 0 

1 0 

0 0 

5 0 

0 1 
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6 	So we are now ready for our final result. 

Proposition I.  

, Assume P > 2, and let 	r 	r' 	0 ■F r, 	r'Kp- 1). 

Then we have: 

(1) ( f r,(Vd"" 

(2) ( 	r, CQ 0)- 

0, r+ r' is an odd integer. 
(r+1)(13-2(r'+1))  

P
, r + r' 	is an 

even integer, r+ 

(3) ( cf)  r 	fr,) 

(4) cafr, olf 	- 	 

r+r'=P-1 

( 4P-r-3r'-1)(-P+r+rr +1)t(P+r-r'-1)(r-r 1 +11 

1). 

r(P-2r') 
P 

21' 

r+ r' 	is an even integer,P-1 < r + r' <2(P-1) . 

(5) ( cfp-1,  9 P-1 ) 
 = 1. 

Proof: 

All the parts of this proposition are straightforward 

application of the last two lemnras,except part (5) is proved 

directly from the fact that V(P-1) is the Steinberg module07•2 

■•■•• 

5 

0 

0 

6 

• 
( 99 r , 	cf r  ,)=1/7 1 0 

0 -2 

-3 0 

0 -3 

0 0 

•••• 

•M• 

of 	3-3). 

Application for P=7. 



1 
6 ((Pr ,  cp x-‘) -  [(r+1 )(r'+1)(r'+1)+2 sin(r +1)8sin(r'+1)0  

2 
sin 8 

0 

0 0 	3 

1 0 	

0 

3 

0 , 	2 	0 	1 

2 	0 	0 	0 

0 0 0 0 

1 	0 	1 

0 	1 	0 	0 

which 	is the Cartan 

1 0 0 

0 1 0 

1 0 0 

0 0 0 

2 0 

0. 2 0 

0 0 1 

The above matrix agrees with the result of Jeyakumar in [4] . 

In this piper the projective cover modules properties are used . 

The Brauerr Character for SL(2,2).  

Let l,c,a be as before.SL (2,2) contains an element b of order 

P+1 .Then we have: 

1 ( x ) x Notes 

b 

P- regular class 

P- singular class 

P- regular class 

1 

and we get: 

1 

P
2
-1 

P(P -1) 

( cF 
r, 	r 	

1 

p3
_ 1'  [ 	r(1) cf ,(1)+1,0,-010 (b)q 10-') r 	r 

Hence 

where e = 120°  . 

Then 

[(1/- ' P̀r't 

r 

C= 

r 
1 2 	0 

1 ,c: 
2 

0 	2 0 	1 

• 	• 	• 

From the above matrix,we get its inverse 

matrix C for SL(2,7). 
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