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ABSTRACT 

The recent approach of Bergan and Wang for the shear inclusion in plate 

deformation is used in nodeling the gear lOoth as a cantilever plate. 

Using Rayleigh-Ritz method a solution is obtained and compared with other 

models. 

INTRODUCTION 

Modeling of gear tooth by cantilever is a common practice[1,21 . Usually, 

beam and thin plate theories are Used[3-51 	Because of the nature of 

boundary conditions of the cantilever, and for the analysis of 'thick' teeth 

where shear effect-  can not he neglected, one should use either three-dlimens-

ional approach or thick plate theory1.6-RI. In this stuly the gear tooth is 

modeled as a 'thick' pl ate. The anal yci of thick plate is based on Reissner 

and Mindlin plate theories 19,10] . Recently Bergan and Wang Ill) have ad- 

. opted a new approach ro r these theor 	Their approach, which is used in 

this study, is characterized by the use of one independent variable : namely 

the transverse deflection of the mid-plane of the plate 

Applying Rayleigh-Ritz method, a solution is obtained and compared with the 

results of beam nodding where shear effect is taken into consideration. 

A comparison is also made with the noment image and classical thin plate 

solutions [4,51 
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The paper starts -with a review of the energy expressions of classical plate 

bending theory and of Bergan-Wang approach. This is followed by a descrip-

tion of Rayleigh-Ritz method used to analyze the cantilever plate. Then 

a square cantilever plate under 	uniform and concentrated loads with diff- 

erent thickness is analyzed. Numerical results show that beam modeling is 

stiffer than plate modeling and the thinner the structure the greater the 

difference between them. As a practical example gear teeth deflections 

were calculated showing that shear inclusion leads to a more flexible re-

sul t . 

ENERGY EXPRESSIONS 

a. Thin Plate S tra i n Energy: 

The classical thin' plate theory based on Kirchoff-Love assumptions [8 ] 

gives a strain energy expression which is a function of the only trans-

verse deflection w(x,y) , where x and y denote the cartesian coordinates 

in the mid-plane of the plate. More precisely, we have for an isotropic 

material the following expression for the strain energy: 

if T 
K dxrly, 

where  
K
T 

w  
,xx 	,YY 

2w 

0 

and E is the Young's modulus, h is the plate thickness, and v is the 

Poisson's ratio. 

Because the classical theory neglects the shear effectl its use is generally 

limited to thin plates where the ratio of thickness to the smaller span 

does not exceed 0.09 [6,7,12j. When the shear is to be considered, we 

usually use either. Reissner 
	

J or Mindlin plate theory [10]. In both 

theories the strain energy of the deformed plate is expressed by three 
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classical bending theory, 
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a prioriunknown functions: the transverse deflection w(x,y), and the two 

transverse shear strains y 	(x,y) and T (x,y) [7,1]. 
x7 	yz 

Recently, Bergan and Wang [11] have modified the theory reaching to a for- 

mulation which depends only on the transverse deflection w(x,y) . 

approach will be used in this study. 

Their 

b- T3ergan-Wang Expression for Plate Strain Energy 

• Assuming that the transverse shear strains : 9c7(x,.0 and 

	

	(x,y) are 
y7 

 linear functions of x and y, Bergan and Wang arrived at the following energy 

expression: 
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.One can easill,  notice that while this approach Uses only the transverse 

•deflection w, it involves its derivatives up to the order four. It is also 

clear that as the thickness of the plate decreases the strain energy would 

be given by the classical thin theory without any numerical difficulties. 

RAYLEIGH- RITZ METHOD 

Consider a rectangular plate that is clamped along one of its sides (see 

Figure 1). Following [4,5,13] , the deflection w(x,y) is expressed as a 

series of products of functions of the form: 

O 
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w(x,y) -   AX m (x) Y (y) mn  
m n 

Where the functions X
m 

and Y
n are the characteristic functions of uniform 

thickness beams in the x and y directions respectively. These functions have 

the appropriate beam boundary conditions [14] . In our case, they are given 

by: 

X
2 (x) 	(1-2 71), 

X (x) 	= cosh a x -I- cos arnx - 	(sink am x -I- 	in am x), 

cosh h y - corl h y - d (rlinh h y - F;in h y), 
II 	It 	II 	rt 	n 

Where am , I, , c and d 	are 17ahnlai:nd 1:erms.to 	n 

and Trrin 	are the n.tknown co''f. fi ci.ents .  

Fig. 1. Canl- ilovnr 	under concnntratnd nnd load 

and 

n (Y) 
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Application of Rayleigh-.Ritz method would. require a choice of a number of 

characteristic functions, and substitution of the expression of w into the 

total potential energy expression. 

Then differentiating the expression with respect to the unknown coefficients 

A , and equating it with zero will lead to a system of equations to he sol-
mn 
ved for these unknowns. The number of used functions was determined accord- 

ing to the experience gained in a previous work 14,91, in addition to the 

pre-implementation and re-evaluation made for this study. A subsequent 

paragraph shows the influence of the number of characteristic function on 

the obtained solution. 

NUMEPICAL APPLICATIONS 

Example I: 

A square plate subject: to a transverse uniformly distributed load q, and 

to a concentrated force P. at point. P (sec Figure I) is analyzed with diff-

erent thickness to side ratio. The obtained deflection along the center 

line AB is shown in Figures 2 and 3. 

In Tables 1 and 2 the deflection at th point fl is compared with that obt-

ained by beam analysis which consider the shear effect [15,16]. 

All numerical results are done with seven functions X (x) and five functions 

Y (y) 14,17]. The flndel problem was chosen with side length a 	0.4 inch, 
6 

and Poisson's ratio V ,,,. 0.3, and Young's nr)dultts E 	30)(10 psi. 

Table I. Cantilever Square Plate Under. Uniform Load 

Pa w 	■A. 

dl 

 

0.6M1 

0.92f1 
n.262 

0.139 

 

0.148 
0.167 

h/a 
a(Pr(=sent Analysis) 

(P- q a
2
) 

Ol(Ream Theory) 

(P 	q* a ) 
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Table 2. Cantilever Square Plate Under. Concentrated 

Load Acting at Point B. 

w 
2 

Pa 
1) 

h/a 	q(Present Analysis) 	a(Ream Theory) 

0.1 

0.1 

0.5 

1.967 

1.425 

0.695 

 

0.169 

0.388 

0.426 

     

Effect of Number of Characteristic Functions 

in addition to tale experience gained by di ffnrpnt authors [5,13,17] , it 

is useful to show some results which clarify and justify the chosen numbers 

in this surly. As shown in Tables 1 and 4 the increase of number of charac-

. teristic functions leads to a more flexible model.• 

3. Dc1mctIen ror. ifiri but-  (X. 

for h/a - 0.1 

No. of Characteristic 

Functions 

Concentrated Load Uni.forin La ad 

11 1 

  

3 1.691 0.642 

5 3 1.9(1 0.663 

7 5 1.967 0.688 
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Table 4. Defl ection roc? II. c i en t 

 

for h/a ..,, 0.5 

 

     

     

     

No. of Characteristic 
Con con I: ra ed Load 	Uniform Load 

Functions 

0.2 3 0.516 

5 o.657 0.248 

7 0.605 0.262 

Example 7. 1181 

In Table 5, a comparison between the results obtained by the mment image 

method 11,19], and the classical plate theory [4,5], and the Bergan-Wang 

approach is given. As expected the Bergan-Wang approach gives a higher 

deflection. 

Table 5. Maximum Deflection By Different MDdeling 

. w  (Moment Image) 	w (Present Study) 

Gear Type 

   

w (Classical) 	w 	(Classical) 

FALK GEAR 

EATON GEAR 

HELICOPTER GEAR 

1.033 1.138 

0.790 1.164 

0.809 1.247 

It is useful to mention that closed form solution of Reissner [9,15 can 

not be applied for the solved examples where the span to chord ratio is 

near or equal to onn. Moreover. 	, the solution of Rpferences [19,20] neg- 

lects the effect of the free opposite sides of the cantilever. 

It is also worthnoting that the concentrated load in this stmly is treated 

as a ' point ' load 	and not replaced by ironical' loading as done in 

Reference 3. 
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CONCENTRATED 1,0 A1) 

Fig. 2 De :11 ect ion W along the center Ii/`" AR rine to concentrated load 
P=l lb at: point B. (see Fic4.1 ) 
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Fig.3 Deflection w along the center. line AB due to uniform load q=1 psi 
(see Fig. 1). 
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CONCLUSION 

The obtained results show that modeling the tooth by thick plate according 

to Bergan-Wang approach yields a more flexible model compared with other 

Models. comparison with beam modeling shows that the difference is great 

especially for thin structures. 
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