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Abstract: 

 
This paper introduces a fundamentally clear approach to analyze and design reinforced 
concrete T, L and rectangle beam sections under biaxial bending and axial compression or 
tension force. For the first time since 1844, the paper shows how a given set of design 
requirements can be met exactly in a unified method using closed form solution and the 
concept of modular programming. The new approach provides an exact solution to the 
mechanics equations by direct integration of the normal stresses over the concrete and steel 
areas. To computerize this approach, the concept of modular programming was found 
suitable and attractive for such application. The advantages of the new approach include 
rigorous calculations; resolving the disadvantages and shortcomings of the published 
pertinent numeric methods such as lack of accuracy, numeric instability, and non-
convergences, and meeting the needs for simple and fast computational tools for the daily 
design and educational practices. Also, the paper provides details of the computer 
formulation for the closed form solution. To demonstrate its validity and viability, eleven 
numeric applications are presented covering a broad spectrum of diverse problems some of 
which were solved manually in the literature by prominent scholars. 
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1. Introduction: 

 
Beams represent one of the inevitable structural elements in concrete buildings. Rarely if 
ever, they are subjected to one load pattern from construction to demolition. They are usually 
subjected to biaxial bending and axial forces as a result of architectural layouts and 
geometry, the shape of the cross-section, or the type of exerted external loads such as 
seismic, wind, and the various moving loads. 
 
In general, determining the strengths of reinforced concrete sections under biaxial bending 
has been the aims of many studies all of which investigated columns without demonstrations 
on or attention given to the boundary case of beams, except in one article (Park, 1967) since 
1840. Even then, only charts were produced for the practical analysis of rectangle sections 
subjected bending about two axes with no axial force. 
 
From engineering perspective, the overall analysis and design of reinforced concrete sections 
subjected to biaxial bending and axial force are more complex and cumbersome than 
sections under uniaxial bending with or without forces. As a result, there have been 
universally widespread interests for developing simplified methods. At present, the 
approximate procedures for columns include the methods of load contour, reciprocal load, the 
superposition, and the equivalent uniaxial eccentricity. In any of these methods, a section and 
a reinforcement pattern are usually assumed first, and then a prescribed trial and adjustment 
procedure is followed.  
 
From computational perspective, the use of computers didn’t introduce exact solutions, thus 
has not changed the technical situation of the subject matter. At the present time, the 
commercially available concrete software represent merely codified versions of the simplified 
methods or numerically integrate the stresses over areas via dividing the given section into 
layers or fibers and techniques. The integration techniques were disputed among researchers 
with regard to the numeric efficiency, the time required for convergence, the large amount of 
information required to characterize the section, and the large number of numerical 
operations needed to reach an acceptable solution. In addition, article after article has 
reported a number of limitations such as uniform distribution of reinforcement, identical 
reinforcing bars, fixed step-by-step iterative procedures, and over design solutions. 
 
The aim of this paper is to institute a closed form formulation for concrete beams under 
biaxial bending and axial force that meet the following objectives: 
 
1.  To calculate the exact strength capacities under bending and axial force. 
2.  To provide a generic computer tool for practice without procedural limitations. 
 
2. Formulation: 

 
The following main assumptions underline the closed form formulation: 
1.  Plane sections remain plane before and after deformation. 
2.  The compression stress in the concrete is represented in two independent ways:  
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 - A rectangular with stress of 0.85fc’ and a depth of 1c . 

 -  A parabola: ' 2

c c

y
f = f (1-(1- ) )

c
  (1) 

 in which 
 fc’ = The ultimate compression strength of concrete; 
 c = The neutral axis depth as shown in Fig. 1; 
 y = Cartesian coordinate; 

 

'

1 c

' '

1 c c

β = 0.85 if f 4ksi

β =0.05(f -4) if f > 4ksi


 (2) 

The concept of parabolic stress distribution is known in research (Bonet et. al., 2006; De 
Vivo, L. and Rosati, L., 1987, Liang, 2008). 
 

3. The stress-strain relation for the steel is considered elasto-plastic as follow: 

s s s s y

s y s y

f = ε E if ε < ε

f = f if ε ε
 (3) 

in which 
fs = The stress of a reinforcing bar; 
s = The strain of a reinforcing bar; 
fy = The yield strength of the reinforcing steel; 
Es = The modulus of elasticity of steel. 

 
Assumption no. 1 implies that the strain distribution is linear across the section. Thus, the 
strain, si of the ith reinforcing bar can be determined using the following geometric formulae: 

' '
' si si
si c

si si
si c

x cb
ε = ε (1 - ( - )sin θ - cosθ) for bars in thecompression area

2c c c

x cb h
ε = ε (-1 + ( - )sin θ + ( - )cosθ) for the main tension steel

2c c c c

 (4) 

in which 
 x and y  = The Cartesian coordinates of the ith bar; 
b and h  = The width and depth of the section; 
c’ = The concrete cove. 
 
 
 
 
 
 
Once the strains are determined, the associated stresses can be calculated using 
assumptions 2 and 3 above, and subsequently directly integrated over the appropriate areas 
to obtain the resultant forces. 
 

 
 

Figure 1: Strain Distribution 
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Rectangle stress block 

'
'n si

' 'si
2 1 c c s si

i=1

n n
'

y si si

i=1 i=1

b
- x

c2N = (-k  + k  c) (0.85 f ) + ε  E  (1- sin θ - cosθ) A
c c

+f ( A - A )



 

 (5) 

 
 

n n n
' ' ' ' ' ' '

x c s si si si si si si si

i=1 i=1 i=1

2
' ' '

si si c

1

1

2 2 2 2

1 1

' '

y si si si

b sin θ
M = ε E ( A y sin θ A y + A x y

2c c

c' b h b tan θ
- cosθ A y ) + (0.85f ) ( tanqθ ( - )

c 2 2 3

h b b
+( - tan θ) ( ) (β c-bsin θ)

2 2 cosθ

b
- (β c -2β c bsin θ + b sin θ))

2sin θ cosθ

+f ( A y - A

n

i

  



n n

si

i=1 i=1

y ) 

 (6) 

 
 

n n
' ' ' '

y c s si si si si

i=1 i=1

n n
' ' ' '2

si si si si

i=1 i=1

n n
3 ' ' '

c y si si si si

i=1 i=1

b
M = ε E ( A x - sin θ A x

2c

c' sin θ
- cosθ A x + A x )

c c

1
+ b tan θ (0.85f ) +f ( A x + A x )

12

 

 

 

  (7) 

 

 
 
in which 

1
1

2 2

2

β b
k =

cosθ

1
k = b (sin θ cosθ + tan θsin θ - tan θ)

2

 (8) 
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Parabolic stress distribution 
 

'
2c 1

c 1

' 4 2 2 3 4

c 1 1 1

2

1

bf c
N = ( ) (3c -c ) +

3cosθ c

f c -4c c + 4cc -c

sin θ cosθ 4c

in which

c = c - b cosθ

 (9) 

 
 
The coordinates of the point at which Nc acts are found as follow: 

u u L L

u L

u
u

u L

A y + A y
y = from the neutralaxis

A + A

yb
A ( - )

2 tan θ
x = from the y-axis

A + A

 (10) 

 

2

u

1
L

1
L

5 3 2 2 3 4 5

1 1 1 1
u 4 3 3 2 2 4

1 1 1

in which

c
A =

2sin θ cosθ

b c
A =

cosθ

c 5c + 3 bsin θ
y =

4 c 2c + bsin θ

2c - 15 c c + 25 c c - 15cc + 3c2
y =

15cosθ c + 4 c c -4 c c - c

 (11) 

The resultant forces must equal to the applied ones. This is written in the following 
mathematic formulae: 
Fa = N 
Mxa = Mx (12) 
 
Mya = My 
 
in which 
Fa = Applied axial force; 
Mxa = Applied bending moment about the x axis; 
Mya = Applied bending moment about the y axis. 
By substituting equations 1 to 11 in equation 12, one could see the three transcendental 
equations to be solved simultaneously. 
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3. Examples 
 
Five problems are solved to demonstrate the validity and viability of the approach presented 
in this paper. Table 1 summarizes the input data and the solutions obtained. 
 

Table 1: Numeric Examples 

 
Type of 
Problem 

Given Results 
Published 
Solutions 

Ref. 

1 
Biaxial 
Rect. stress 

b = 12 in 
h = 22 in 
fc’ = 4 ksi 
fy = 60 ksi 
As

’ = As = 3 x 0.79 in2 

 = 30o 
c = 10.0 in  
N = 220 
Mx = 4031 k.in 
My = 370 k.in 

 = 30o 
c = 10 in  
N = 220 lb 
Mx = 4032 k.in 
My = 370 k.in 

Bresler 

2 
Uniaxial 
T-Section 
Rect. stress 

bflange = 28 in 
bweb = 10 in 
h = 30 in 
fc’ = 3 ksi 
fy = 60 ksi 
As

’ =  0 
As = 6 x 1.27 in2 

 = 0o 
c = 8.4 in  
N = 0 
Mx = 10603 k.in 
My = = 0 k.in 

 = 0o 
c = 8.4 in  
N = 0 
Mx = 10411 
k.in 
My = 0 k.in 

Nilson 

3 
Biaxial 
Case I 
Rect. stress 

b = 12 in 
h = 24 in 
fc’ = 3 ksi 
fy = 60 ksi 
As

’ =  2 x 0.44 in2 
As = 2 x 1 in2 
Fa = 5 k 
Mxa = 2300 k.in 
Mya = 275 k.in 

 = 30.2o 
c = 7 in  
Axial Force = 5 k 
Mx = 2348 k.in 
My = 281 k.in 

  

4 
Biaxial 
T-Section 
Rect. stress 

bflange = 28 in 
bweb = 10 in 
h = 30 in 
fc’ = 3 ksi 
fy = 60 ksi 
As

’ =  3 x 1.27 in2 
As = 3 x 2.54 in2 
Fa = 50 k (compression) 

 = 40.2o 
c = 7.6 in  
N = 50 k 
Mx = 11450 k.in 
My = 349 k.in 

  

5 
Biaxial 
T-Section 
Rect. stress 

bflange = 28 in 
bweb = 10 in 
h = 30 in 
fc’ = 3 ksi 
fy = 60 ksi 
As

’ =  3 x 1.27 in2 
As = 3 x 2.54 in2 
Fa = 50 k (tension) 

 = 25.3o 
c = 5.0 in  
N = 50 k 
Mx = 10263 k.in 
My = 270 k.in 
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6. Conclusions: 
 
Since 1844, several noteworthy articles on biaxial bending of concrete column sections were 
published and contributed significantly to the understanding of this subject. Nonetheless, the 
literature neither included closed form solutions for the relevant beam sections nor 
demonstrated those findings on beam sections. This paper fills this gap. 
 
In this paper a new exact solution is obtained for reinforced concrete beam sections under 
biaxial bending and axial force. Because of the mathematic nature inherited in the 
transcendental closed form formulae, this novel approach was enhance by complete 
automation. For that purpose, the paper introduced the use of the concept of modular 
procedure as a generic computational means. In this way, many of the shortcomings of the 
documented procedures were resolved, and the designer becomes the decision maker and in 
control of the computer processors. The soundness of the approach was demonstrated by 
solving a wide range of diverse problems some of which were solved manually in the 
literature by notable scholars in the field. 
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