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ABSTRACT

The article consider inhomogeneous and non-linear heat problems by applying the method of
partial discretization of nonlinear differential equations, derived by Professor A. N.
Tyurehodzhayev and methods of mathematical physics connected with the use of integral
Laplace transforms. The aim of work is to obtain analytical solutions of boundary-value
problems of inhomogeneous and nonlinear heat conduction by applying the method of partial
discretization of nonlinear differential equations, establishing of regularity of heat distribution
in the layer, which describe the differential equations in partial derivatives of parabolic type
with variable mechanical and thermal characteristics, in some cases dependent on the
unknown function itself. This paper addresses the following objectives: 1) Inhomogeneous
problem of heat conduction theory with different dependences of heat conduction coefficient,
heat capacity and medium density. 2) Non-linear problem of heat conduction with variable of
heat capacity, density and heat conduction coefficient, which depends on the unknown
function itself.

In regards to the problems of heat-conduction fundamental works are those of A.V. Lykov [4-
5], L. M. Belyaev and A. A. Ryadno [6-7], V. S. Zarubin [8]. Among foreign authors, who have
been solving the problem of this kind, we note the work of G. Carslaw and D. Jaeger [9], L.A.
Kozdoba [10-11], and other heat-conduction investigators.

Work of L. I. Kudryashev and N. L. Menshih [12], a series of articles [13-15], etc. are devoted
to the nonlinear problems of heat-conduction and methods of their solving. Application of the
method of local potential in the heat conduction problems is described in the works of P.
Glansdorff and I. Prigogine [16] R. Schechter [17].

In this article for the first time three were obtained analytical solutions of new problems of
heat conduction with almost random variables and nonlinear thermal characteristics in the
layer using the method of partial discretization of nonlinear differential equations of Professor
A. Tyurehodzhaev by two variables, along with the integral Laplace transform.
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NOTATION SYSTEM

c(x) Specific heat capacity.

u(x,t) Temperature.

fx,1) Heat inflow.

f(p) Image of function.

f(t), k(x)  heat conduction coefficients.
p Complex parameter.
H(x—x;) Heaviside unit function.

plx) Density.

S(x-=x;)  Dirac delta function.

ANALYTICAL SOLUTION OF THE INHOMOGENEOUS HEAT CONDUCTION
EQUATION WITH HEAT INFLOW FOR THE LAYER

We consider the inhomogeneous nonlinear problem on heat conduction for a variable
coefficient of heat conduction, heat capacity and density of the object under
consideration. By applying the method of partial discretization of nonlinear differential
equations [1], we have obtained a solution of problem for the general case of the
laws of change of thermophysical properties.

The differential equation of heat conduction in this case has the following form:

2 (k20 ()= plofe20, ()
Let’s assume the following initial and boundary conditions are:
u(x,0)= plx),
u O,I)Zﬂl(t A (2)
ull.t)= 1 (t)

With the help of Laplace transform, the equation (1) can be written in the images

AT o )= ol it p)-ole). )

By applying the Laplace transform to the initial and boundary conditions (2), we have
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Integration (3) gives:

(L L) (o) (s p)- gl [ 7. phie+ A(p).

By discretizing the first integration element of the right part, we obtain:

i(x.p)= j[zm +xk+1{p<xk kel Npi . p) =l )< H (=)~

j
-l el (a1 2) ) =) Dd

1 ¢- 1
_jmjf(x,p)dxdx+A(p)jmdx+3(p),

For brevity, assume that

F(x,p):'[ﬁj‘f(x,p)dxdx, K(x)z'[ﬁdx.

Therefore,

a(x. p)= %Z (e +xs)lo e e N pir (g p) = @l MK (x) = K G )H (x = )=

g el (et p) e WK () K e D (e Dd
e p)+ Al ()4 Bp)
Introducing the notation
Z(x, xy )= o Je oo XK (x)— K (x )H (x = x1. ).

By using the boundary conditions (4), we obtain:

i(x, p)= %Z (o + x40 NZ (e Npia (xg . p) = 9oy )= Z (o6, x40 )%

X (pit (xg 41, p)— 9l 1))]- D(x)%z (. + x50 (2 x; N pia (g . p)— 0l ) -

(6)
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= Z(1, x4 it (g 415 p) = @l i1 D]+ @ (x. p), (8)
where : ) o)
K(x)-K(0
)= )-x0)
Bl )=~ )+ FO.2) 11 )+ K=K [ )= )+ Flp)- 0.

By applying inverse Laplace transform, we obtain the original u(x,z)

)= B ) () DUl ) )

dt

@) Dzl T o) ®

Let's define a formula for u(x;,z) in points x;

At k=1 y X1 =0
u(xy.ty) = (2, (10)
At k=2
du(xz,t) 1(1 du(xl,t) 1
— 2 = —(x +xp) (Z(xg.,x1) = D(x2)Z(1x1 )+ D(xp,1) |- —ulxy,1),
dt a 2 dt a
where

@ =55 =x)Dl0)2(0.x2).

By discretizing the last element, we have

—du(;z’t) = é(%()q + xz)du(d)?’t) (Z(xg.x1)—D(xp)Z (1)) + q’(’CZ’t)j -

—ZL (6 + gt Mot (e 1 )80 =)= 19 141 )Ot = 141 )].
ar

After integration

)= 3 o+ bl )220 ) Dl 2k ) i)

az

1
—% (lm +tm+1)[u(x2’tm )H(l—’m)—u(xzafmﬂ)H(t—’m+1)]+ G,
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where
®1(xy,1)= j@(xz,t)dt :

Considering (1), we have

)= 3 o+ bl )220 ) DL 2k ) i)

az

1
_E (tm 1 )[u(xZ’tm )H(t _tm)_u(XZ’tm+1 )H(t _tm+1)]+ ¢(X2)—
1(1 1
——(— (31 + 520y 2 300 )— Dy )2 (1)) + @1y ,o>j + L+ n)elay) (1)
(12 2 2612
Let’s define the formulas u(x,,t,,) in points z,,
m=1, n= 0
u(xp,t)=olxy), (12)
m=2
1 1(1
u(xy.1p)= I {—(—(?q +x9 Ju(xy 19 NZ (x5, x1 )= D(x0)Z (1, x1 )+
1+7(t3—t1) az
2(12

1
+®@1(xy,1, ))_E(tl +15 Ju(xg, 1)+ play ) -

— i(% (xg + 25 )op(x; N Z (565, ) — D35 )Z (1,1 )+ P1(x, ,0)}" i (6 +12)lx, )} - (13)

as 2

m=3,s

i) = L bt )~ Dl )+

a

+‘1>1(x2,tm))—ﬁ{(tm—1+t (xg 11 )+ Z(f +tj+1)[”(XZ’tj)_”(XZ’th)]]"'¢’(x2)_

el Xzt ) Dl >z(z,x1>>+q>1(xZ,o>j +

a

L(11 +t2)¢(xz)}’ (14)

az

At k=3.n,
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X(Z(xg xi41) = Dl )Z(Lx141) H} _L”(xk 1). (15)

ag

where

1
ag = E(xk+1 —x3_1)D(xy )Z(1, xp. ).

By discretizing the last element, we have

e :L{q)(Xk,t)Jrl{ (d—p +x¢ )M(Z(xk Xgo1)-
dt ay 2

=D )Z(Lxg 1))+ kiz (% +xi 41 )[du(xi ) (Z(xgx;)— Dxg )2 (0, x; ))——du(x”l’t)x
i=1

(Do) Dl 2 5i1) ﬂ}
_ﬁz(tm +ln41 )[u(xk - )5(t —Iy )_u(xk’tmﬂ )5(t I+l )]

After integration considering the initial conditions (2)
1 1
”(xk’t):a_{q)l(xk’t)"‘a{ (g —1 + 20 Ju o1, ENZ ek ) -
k

—Dx )Z(1xg—1)+ 22 (o + i Mou (0 NZ (g ) = Dy )2 (1,7 ) = (g 2)
i=1

x(Z(x;,x;,,)—D(x; )Z(1,x;,,)) ﬂ} _

1
_E (tm +lm+1 )[u(xk I )H(t_tm)_u(xk I+l )H(t_tm+1 )]+

+pxy )_i{q)l(xk ,0)+%{ (o1 + xg ool (Z (e oy ) -
aj

—D(x; )Z(I.x 1)) ixﬁxm Nl (Z (g x; )= Dy )Z(1.x;)) - @l )x

X(Z(x,x;141)— D(x, )Z(1,x41)) H} + L(ﬁ +1,)p(x; ), (16)

Zak

where
D1(xy 1) = [ Dy, )dt
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Let’s define the formulas u(x,.z,,) k =3,n in points z,,
m=1, n= 0
u(xg 1) = lxy ),
m=2
1 1 1
u(xy.ty)= I — DI (xy 1 )+~ | (g + x5 ey 0 NZ (g gy ) -
() \ 2
1+—(t3-1)
2ak

—D(x)Z(l.xg 1)) 2 x; + X (i, 19 NZ Oeg oy )= Dy )Z(1,x; ) = (1,12 )X

X(Z(xp,xi11)— Dy )Z(1xj41)) ﬂ}—%(h +1p Ju(x.1y)+

ak
1
a

__{ 1(1.0)+ [xk 1+x Dol N2 gy )

—D(x; )Z(l.x 1)) ki (x; + x4 [0l NZ (g ox;) = DOy )Z(1x;)) - (41 )

X(Z(xg,xi11) =Dy )Z(Lxi41)) ﬂ}—ﬁ(h +19 )p(xy )> :
m=3,s
= 1 L X +l xp_1+x Julx, 1.8, )X
u(xk,tm>1+2ik(m+l - 1)<a ot 3] i onhcvi)

k=2

X(Z(xg g —1) =D )Z () + Y (x4 3y Moy 1 N2 Gy )= DOy )21, ) -

i=1

— (120 NZ (g i) = DOy )Z(1x141)) ﬂ} —L{ (tyat + o JuCg ey )+

2ak
2

m
+

1M

f_/%\

1
+¢’(Xk)—a—
k

=~
|

2

(U+t,-+1>[u<xk,zj)-u<xk,t,-ﬂ>1]+

D (x; ’0)+%{ (o1 + xg ool NZ (e ey ) -

=D )Z(Lxg—y )+ D (5 + xi0 ol (Z (e x; )= Dy )Z (1% ) — @l )x

Il
—_

i

X(Z(xpxi41) =D )Z(Lxj41)) ﬂ} —ZL(H +17)o(xy )> -

Ay

(17)
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Example

For construction of a graph, let’s consider a sample for the problem (1) - (2), under
specific functions, for example, k(x)=bse “3* — heat conduction coefficient,

C(x)=c(x)p(x)=a; +bjx — volumetric heat capacity and f(x.r)=a; +%ﬁ3xt2 — heat

inflow.

Then, equation (1) will be:

0 _anx Ou(x,1)
—|p 3x A
Bx( 3¢ ox

j+ [6‘(3 +%ﬂ3x12j = (al +b1x)—au(x’t) .

Assume the following initial and boundary conditions

u(x,O) = (p(x) =a, +b2x2,
0,6)= (1) = o +PV, (20)
la

u =
ullt) = i ()= 0ty + ppte P2,

Thus, let's calculate the formulas u(x;.7,,) k=1n, m=1s, at calculated data

a=55°C, B,=03h"', a,=106°C, PB,=04h", 72=106TC, o, =30007,

] L] L] O C
By =05 @ =135107 e, b =0510° —n, 8, =56°C, b, =05
a,=007m", b, =122 | _jom
m.

The solutions obtained are given in Figures 2 — 4 at time intervalt = 0—15h.

THE SOLUTION OF ONE NONLINEAR HEAT CONDUCTION EQUATION WITH
NO HEAT SOURCE

Let’'s consider the nonlinear heat conduction equation with variable thermophysical
properties of the general form. Analytical solution of the problem is obtained by the
method of partial discretization of nonlinear differential equations of Professor A. N.

Tyurehodzhayev [3] and by means of Laplace transform.

The differential equation of heat conduction of the problem under consideration is:

2 kguta) 250 ()2

, 21
o0x 0x ot (21)

It follows
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9%u? (x,t) 2 (x)c(x)au(x,t) .

ox? :E ot &2
Assume the following initial and boundary conditions
u(x,0)=p(x),
u(0,1)= g4 (1), (23)
ull,t)= (1)
By applying Laplace transform to problem (21)-(22), we obtain:
2
)= elptputr.p) ot 24)
(0, p)=1(p),
25
()= (p) (2)
Partial discretization of equation (24), gives:
2 r— _
| 2 | = X+ el oo Do p) =l (o= )-
dx ko B
— (x4 )P(Xk+1)[Pu(xk+1,l?)—¢’(xk+1 )]'5(X—Xk+1)], (26)
By integration (26)
e p)= e et oot p)- o]
¥ (e P, ) - 9l ) Alp)r+ B(p), (27)

Y (o, 2 ) = e(ovg ) o Jor = o )H (= xy ).

Considering boundary conditions (25)

u2<x,p>=mx,p>+éz(xk )l G pulag. p)- ol |-

—Y (X, xp 41 )[p;(xkﬂ )= 9(xp41 )]]— é D (o + xpn )[Y (2, xg )[P;(xk .p)—olx; )]—
—Y (L x4 )[p;(xkﬂ )= 9(xp 41 )]] (28)

where
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M(x,p)= /t_f(p)+§(ﬂ_%(p)—ﬂ_12(p)j-

Inverse Laplace transform to equation (27)

u2(x,t)= M(x,t)+é2(xk + Xy )[Y(x’xk )%_Y(x’xkﬂ)du(xc/;;l,t)}

1 dulx;, ,t dulx, 1,1
o 2l +xk+1>[Y(l,xk )%—Y(l,xﬂ)%} (29)

where
M (x.)= 26+ 2 (0)- 12 ().

Definition of formula u(x;,z) in points x; .

k=1, x; =0.
u(xy,t)=p(t), (30)
k=2,
1 dulxy,t dulx,,t
Mz(xz,l)=M(X2J)+k—(x1+X2)[Y(X2,X1)—Y(x2,x1)]’ M(d1 )—Azg’
0 1 dt
where
1
Ay =— (3= )Y (1, x2).
ko
Consequently
dulert) _ 1 e (e - vl [P 20 ) (a1
dt A2 2 k0A2 ! 2 2> - dt A2 2
k=3n,
1 K22 dul(x; t
uz(xk,l)=M(ka)+—z(xi+Xi+1)[[Y(xk,xi)—Y(l,xi)]' uli.t)_
ko i dt
dulxipt) ] 1
_[Y(xk’xiﬂ)_y(l,xiﬂ)]'T +E(xk—1 + 2 1Y (g1 ) =Y (Lx g )]x
Xdu(xk_l,t)_Ak du(xk,t),
dt dt
where
1
A :k_(xk+1 —xp_1 )Y (Lxy ).
0

Consequently
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M=LM(M<J)+ 1 kiz(xi +xi+l){[y(xk’xi)_y(lsxi )]M—

dt Ak kOAk - dt
du(xiyy,t) 1
—[Y (e sxi0) =Y (1 xi)] y + (o g + 2 1Y Gegoxg ) - Y (L )]x
1 kOAk
dt Ak
Integrating (31)-(32), and writing for k =2,n
1 1 2
u(xk,t)z—Ml(xk,t)+Bk(t)——ju (xk,t)dt+Ck, (33)
Ay Ay
where
Bz(l)=k I oy + 20 ¥ (g, xp )= Y (1, xp e (e 2),
042
| k=2
By (t)=ﬁ (o +x IV Ge ) = Y (o )] ey 2) = [V (g s 1) = Y (2 g )]
0% =1

xu(xipy.1)]+ P Zk (g + 20 Y (g )= Y (Lo e G101,

Ml(x,t)sz(x,t)dt,
C, — The integration constants.

Partial discretization (33) per t, gives

u<xk,r)=A—1kM1(xk,z>+Bk(r)—ﬁz(rm+rm+1)[u2(xk,tm)ﬂ<t—rm>—

_uz(xk’tm+1)H(t_tm+1 )]+Ck- (34)

Considering the initial conditions (22)

u<xk,r)=A—lk(Mluk,t)—Ml(xk,o)nBka)—Bk(o)w(xmﬁ(n+r2>¢2(xk>—

_ﬁZ(tm +tm+1)[u2(xk,tm VH (= ty) =14 (5t JH = 041 (35)

where

B,(0)

= v oy + 22 )Y (e xy )= Y (2, xp ool )
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By (0)= _k.—Z(Xi i MY G, ) =Y (1)) 0 )= [Y G )= Y (L )]

{4 (o + g Y Cege ) =Y (Lo ol -1 ) -
k

Let’s define the formula u(xy,z,,) in points ¢, .

At m=1, 1, =0
u(xg.tp)=olxy ).
At m=2.
1
u(xk’tz):A_(Ml(xk’tz)_Ml(xk’O))"‘Bk(tz)_Bk(O)"'(D(xk)_
k
1 2
—(tr—t 1y ).
2Ak(3 D (xg.to)
At mza.
1
u(xk’tm):A_(Ml(xk’tm)_Ml(xk’O))"'Bk(tm)_Bk(O)"'(o(xk)_
k
| m=2 1
oA (tj+tj+1)[”2(xk’tj)_uz(xk’tjﬂ)]_ﬁ(tm—l+tm)“2(xk’tm—1)+
k j=1 k

1 1
+E(t1 +1; )(/’2 (xk )_E(tm—i-l | )Mz(xk,fm)-

This shows that the obtained algebraic quadratic equations with respect to u(xy.z,,)

(m =Z), which in general form are written as

ak,muz(xk ,tm)+ u(xk ,tm)+ Chkom = 0,
where

Ak.m :E(tm+l _tm—l)’ (m=2,s),

Ck2 = —A—lk(Ml(kaz)—Ml(xk 0))- By (12)+ By (0)-@(x; ). (m=2),

Clom == (M1 (1)~ M1 31.0))= By 1)+ B 0) -l }+

k
m=2
+i ]Z=1 (tj +tj+1)[u2(xk,tj)—Mz(xk’tj )]Jrﬁ(tm—l % (3t )=

—ﬁ(ﬁ +15)0* (g ), (m =3,S)

Consequently, the solution of the problem takes the form
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—1i1¢1—4ak’mck,m (36)

u1,2(XkJm)= 2a;
,m

An analytical solution of heat conduction equation is obtained by heat conduction
coefficient that is linearly dependent on temperature, and with variable specific heat
capacity and density.

Example

For construction of graph, let’'s consider a sample for problem (22)-(23), under
specific functions, e.g. k(x,z)=kou(x,t) and C(x)=c(x)p(x)=a; + b x.

Let’s assume the following initial and boundary conditions

u(x,0)= ¢(x):a2 +b2x2,
u(0,1)= 11 (1) = o +10PV", (37)
ullr) = i (0) = 0ty — ot e P2,

The graph is constructed at calculated data k0=0.08W—att2, o =55°C,
m'(‘)C)
-1 ° -1 OC -6 J
B,=-04h"', «a,=106C, B,=057h", y,=50—, a =13510°"——,
h m-"C
s 7 . °C
b, =0.5-10°"———, a,=65C, b, =05—, 1=10m.
m"-"C m
CONCLUSION

We obtained an analytical solution of heat conduction by the coefficient of thermal
conductivity linearly dependent on temperature, and with a variable specific heat and
density, and built three-dimensional picture of the temperature distribution in the
layer.

Results of the study can be used in establishing of inhomogeneous and nonlinear
laws of heat propagation in layered soils with variable and discontinuous mechanical
properties, in design of power engineering, aircraft, missile equipment and other
industries under the influence of power and temperature.
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Figurel. The initial and boundary conditions for layer.
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Figure 2. The graph of temperature change
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Figure 6. Dependence of temperature on time in the layer sections.
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Figure 7. Dependence of temperature on coordinate at time moments.



