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ABSTRACT 
 

The article consider inhomogeneous and non-linear heat problems by applying the method of 
partial discretization of nonlinear differential equations, derived by Professor A. N. 
Tyurehodzhayev and methods of mathematical physics connected with the use of integral 
Laplace transforms. The aim of work is to obtain analytical solutions of boundary-value 
problems of inhomogeneous and nonlinear heat conduction by applying the method of partial 
discretization of nonlinear differential equations, establishing of regularity of heat distribution 
in the layer, which describe the differential equations in partial derivatives of parabolic type 
with variable mechanical and thermal characteristics, in some cases dependent on the 
unknown function itself. This paper addresses the following objectives: 1) Inhomogeneous 
problem of heat conduction theory with different dependences of heat conduction coefficient, 
heat capacity and medium density. 2) Non-linear problem of heat conduction with variable of 
heat capacity, density and heat conduction coefficient, which depends on the unknown 
function itself. 
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NOTATION SYSTEM 
 

( )xc   Specific heat capacity. 

( )txu ,   Temperature.  

( )txf ,   Heat inflow.  

( )pf    Image of function.  

( )tf , ( )xk  heat conduction coefficients.  

p   Complex parameter. 

( )kxxH −   Heaviside unit function.  

( )xρ    Density. 

( )kxx −δ   Dirac delta function. 

 
 

ANALYTICAL SOLUTION OF THE INHOMOGENEOUS HEAT CONDUCTION 
EQUATION WITH HEAT INFLOW FOR THE LAYER 

 
We consider the inhomogeneous nonlinear problem on heat conduction for a variable 
coefficient of heat conduction, heat capacity and density of the object under 
consideration. By applying the method of partial discretization of nonlinear differential 
equations [1], we have obtained a solution of problem for the general case of the 
laws of change of thermophysical properties. 
 
The differential equation of heat conduction in this case has the following form: 
 

( ) ( ) ( ) ( ) ( ) ( )
t

txu
xcxtxf

x

txu
xk

x ∂

∂
=+









∂

∂

∂

∂ ,
,

,
ρ ,                     (1) 

 
Let’s assume the following initial and boundary conditions are: 
 

 

( ) ( )
( ) ( )
( ) ( ).,

,,0

,0,

2

1

ttlu

ttu

xxu

µ

µ

ϕ

=

=

=

                                             (2) 

 
Using the integral Laplace transform [2] 
 

( ) ( )pfdttfe
pt =∫

∞
−

0

, 

 
With the help of Laplace transform, the equation (1) can be written in the images  

 

( )
( )

( ) ( ) ( ) ( ) ( )[ ]xpxupxcxpxf
dx

pxud
xk

dx

d
ϕρ −⋅=+








,,

,
.            (3) 

 
By applying the Laplace transform to the initial and boundary conditions (2), we have 
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( ) ( )

( ) ( )
( ) ( ).,

,,0

,0,

2

1

pplu

ppu

p

x
xu

µ

µ

ϕ
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Integration (3) gives: 
 

( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( )pAdxpxfdxxpxupxcx
dx

pxud
xk +−−= ∫∫ ,,

,
ϕρ . 

 
By discretizing the first integration element of the right part, we obtain: 

 

( ) ( ) ( ) ( ) ( ) ( )( )
( )

( )∫ ∑







−−−+= + kkkkkkk xxH

xk
xpxupxcxxxpxu

1
,

2

1
, 1 ϕρ  

( ) ( ) ( ) ( )( )
( )

( ) −








−−− +++++ dxxxH

xk
xpxupxcx kkkkk 11111

1
, ϕρ                  (5) 

( )
( ) ( )

( )
( )pBdx

xk
pAdxdxpxf

xk
++− ∫∫ ∫

1
,

1
,  

 
For brevity, assume that  
 

( )
( )

( )∫ ∫= dxdxpxf
xk

pxF ,
1

, ,   ( )
( )∫= dx
xk

xK
1

. 

 
Therefore, 
 

( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( )( ) ( )[∑ −−−−+= + kkkkkkkk xxHxKxKxpxupxcxxxpxu ϕρ ,
2

1
, 1  

( ) ( ) ( ) ( )( ) ( ) ( )( ) ( ) −








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( ) ( ) ( ) ( )., pBxKpApxF ++−                                                 (6) 

 
Introducing the notation 

 

( ) ( ) ( ) ( ) ( )( ) ( )kkkkk xxHxKxKxcxxxZ −−= ρ, .                             (7) 

 
By using the boundary conditions (4), we obtain: 

 

( ) ( ) ( ) ( ) ( )( ) ( )[∑ ×−−+= ++ 11 ,,,
2

1
, kkkkkk xxZxpxupxxZxxpxu ϕ  
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2

1
, 111  
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( ) ( ) ( )( )] ( )pxxpxupxlZ kkk ,,, 111 Φ+−− +++ ϕ ,                                 (8) 

 
where 

( ) ( ) ( )
( ) ( )0

0

KlK

KxK
xD

−

−
= , 

 

( ) ( ) ( ) ( ) ( ) ( )
( ) ( )

( ) ( )[ +−⋅
−

−
+++−=Φ pp

KlK

KxK
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0

0
,0,, µµµ ( ) ( )]pFplF ,0, − . 

 

By applying inverse Laplace transform, we obtain the original ( )txu ,  

 

( ) ( ) ( ) ( ) ( )( )
( )



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dt

txdu
xlZxDxxZxxtxu k
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Let’s define a formula for ( )txu k ,  in points kx  

 

At 1=k , 01 =x  

( ) ( ),, 11 mm ttxu µ=                                            (10) 

 
At 2=k    
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where 

( ) ( ) ( )22132 ,
2

1
xlZxDxxa −= . 

 
By discretizing the last element, we have 
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After integration 
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where 

( ) ( )∫Φ=Φ dttxtx ,,1 22 . 

 
Considering (1), we have 
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Let’s define the formulas ( )mtxu ,2  in points mt  
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( ) ( ),, 212 xtxu ϕ=                                         (12) 

2=m  

( )
( )

( ) ( ) ( ) ( ) ( )( )








+−+

−+

= 12122121
2

13
2

22 ,,,
2

11

2

1
1

1
, xlZxDxxZtxuxx

a
tt

a

txu  

( )) ( ) ( ) ( )−++−Φ+ 21221
2

22 ,
2

1
,1 xtxutt

a
tx ϕ  

( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( )




++







Φ+−+− 221

2
21212121

2 2

1
0,1,,

2

11
xtt

a
xxlZxDxxZxxx

a
ϕϕ .        (13) 
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( ) ( ) ( )( ) ( )txu
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where           

( ) ( ) ( )kkkkk xlZxDxxa ,
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By discretizing the last element, we have 
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After integration considering the initial conditions (2) 
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where 

( ) ( )∫Φ=Φ dttxtx kk ,,1 . 
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Let’s define the formulas ( )mtxu ,2  nk ,3=  in points mt  
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Example 
 
For construction of a graph, let’s consider a sample for the problem (1) - (2), under 

specific functions, for example, ( ) xa
ebxk 3

3
−=  – heat conduction coefficient, 

( ) ( ) ( ) xbaxxcxC 11 +== ρ  – volumetric heat capacity and ( ) 2
33

2

1
, xttxf βα +=  – heat 

inflow. 
 
Then, equation (1) will be: 
 

( ) ( ) ( )
t

txu
xbaxt

x

txu
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x
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∂

∂
+=





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
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







∂

∂

∂
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2
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2
33

3
3 βα .                          (19) 

 
Assume the following initial and boundary conditions 
 

 

( ) ( )
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,0,

2
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1
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2
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t

t
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β

β
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Thus, let’s calculate the formulas ( )mk txu ,  nk ,1= , sm ,1= , at calculated data 
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1
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−=β , С106
2

o=α , 1

2
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h

С
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2

o
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⋅
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3

6

1 o⋅
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J
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4

6
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2
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m

С
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o

= , 

1

3
m07,0а

−= , 
Сm
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2,1b

3 o⋅
= , m10l = .  

 

The solutions obtained are given in Figures 2 – 4 at time interval h150t −= . 
 
 

THE SOLUTION OF ONE NONLINEAR HEAT CONDUCTION EQUATION WITH 
NO HEAT SOURCE 

 
Let’s consider the nonlinear heat conduction equation with variable thermophysical 
properties of the general form. Analytical solution of the problem is obtained by the 
method of partial discretization of nonlinear differential equations of Professor A. N. 
Tyurehodzhayev [3] and by means of Laplace transform.  
 
The differential equation of heat conduction of the problem under consideration is: 
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t

txu
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x
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∂
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It follows 
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Assume the following initial and boundary conditions 
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µ
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By applying Laplace transform to problem (21)-(22), we obtain:  
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µ

µ
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Partial discretization of equation (24), gives: 

 

( ) ( ) ( ) ( ) ( ) ( )[ ][ ( )−−⋅−+=




 ∑ + kkkkkkk xxxpxupxxcxx

k
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1
, 1

0
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2

2

 

( ) ( ) ( ) ( )[ ] ( )]11111 , +++++ −⋅−− kkkkk xxxpxupxxc δϕρ ,                     (26) 

 
By integration (26) 

 

( ) ( ) ( ) ( ) ( )[ ][ −−+= ∑ + kkkkk xpxupxxYxx
k

pxu ϕ,,
1

, 1
0

2  

( ) ( ) ( )[ ]] ( ) ( )pBxpAxpxupxxY kkk ++−− +++ 111 ,, ϕ ,                             (27) 

 
 

( ) ( ) ( )( ) ( )kkkkk xxHxxxxcxxY −−= ρ, . 

 
Considering boundary conditions (25) 

 

( ) ( ) ( ) ( ) ( ) ( )[ ][ −−++= ∑ + kkkkk xpxupxxYxx
k
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,, 1
0

2  
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k
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1
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0

111  

( ) ( ) ( )[ ]]111 ,, +++ −− kkk xpxupxlY ϕ ,                                   (28) 

 
where  
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




 −+= pp

l

x
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2
1

2
2

2
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Inverse Laplace transform to equation (27) 
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where  
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l

x
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2
1

2
2

2
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Definition of formula ( )txu k ,  in points kx . 

 

1=k , 01 =x . 

( ) ( )ttxu 11, µ= ,                                            (30) 
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Consequently  
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Consequently 
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( )
( )txu
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k

k
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Integrating (31)-(32), and writing for nk ,2=   

 

( ) ( ) ( ) ( ) kk
k

kk
k

k Cdttxu
A

tBtxM
A
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where    
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kC  – The integration constants. 

 
Partial discretization (33) per t, gives 
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Considering the initial conditions (22) 
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Let’s define the formula ( )mk txu ,  in points mt . 
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This shows that the obtained algebraic quadratic equations with respect to ( )mk txu ,   

( sm ,2= ), which in general form are written as 

 

( ) ( ) 0,, ,
2

, =++ mkmkmkmk ctxutxua , 

where 

( )11,
2

1
−+ −= mm

k
mk tt

A
a , ( )sm ,2= , 

( ) ( )( ) ( ) ( ) ( ) ( ),2,00,,
1

21212, =−+−−−= mxBtBxMtxM
A

c kkkkk
k

k ϕ

( ) ( )( ) ( ) ( ) ( )+−+−−−= kkmkkmk
k

mk xBtBxMtxM
A

c ϕ00,,
1

11,  

( ) ( ) ( )][ ( ) ( )−++−++ −−

−

=
+∑ 1

2
1

2

1

22
1 ,

2

1
,,

2

1
mkmm

k

m

j

jkjkjj
k

txutt
A

txutxutt
A

 

( ) ( ) ( ).,3,
2

1 2
21 smxtt

A
k

k

=+− ϕ  

 
Consequently, the solution of the problem takes the form 
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An analytical solution of heat conduction equation is obtained by heat conduction 
coefficient that is linearly dependent on temperature, and with variable specific heat 
capacity and density. 
 
Example 
 
For construction of graph, let’s consider a sample for problem (22)-(23), under 

specific functions, e.g. ( ) ( )txuktxk ,, 0=  and ( ) ( ) ( ) xbaxxcxC 11 +== ρ . 

 
Let’s assume the following initial and boundary conditions 
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                                  (37) 

 

The graph is constructed at calculated data 
( )20

Сm

Watt
08.0k

o⋅
= , Co551 =α , 

1

1
h4.0

−−=β , С106
2

o=α , 1

2
h57.0

−=β , 
h
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2

o
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J
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3

6

1 o⋅
⋅= − , 
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J
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4

6

1 o⋅
⋅= − , С65а

2

o= , 
22

m

С
5,0b

o

= ,  m10l = .  

 
 

CONCLUSION 
 
We obtained an analytical solution of heat conduction by the coefficient of thermal 
conductivity linearly dependent on temperature, and with a variable specific heat and 
density, and built three-dimensional picture of the temperature distribution in the 
layer. 
 
Results of the study can be used in establishing of inhomogeneous and nonlinear 
laws of heat propagation in layered soils with variable and discontinuous mechanical 
properties, in design of power engineering, aircraft, missile equipment and other 
industries under the influence of power and temperature. 
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Figure1. The initial and boundary conditions for layer. 
 
 

 

 
 

Figure 2. The graph of temperature change 

 ( )mk txuu ,= . 
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Figure 3. Dependence of temperature on time in layer sections 

 ( )mtxu ,15 , ( )mtxu ,30 , ( )mtxu ,80 . 

 
 

 
Figure 4. Dependence of temperature on coordinate at time moments. 

( )100, txu k ,  ( )35,txu k ,  ( )3,txu k  
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Figure 5. Temperature field ( )txuu ,=  in the layer. 

 
 

 
 

Figure 6. Dependence of temperature on time in the layer sections. 
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Figure 7. Dependence of temperature on coordinate at time moments. 
 
 

 
 
 
 
 
 
 


