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ABSTRACT

The internal friction due to the shaft hysteresis or the shrink fitting release exerts a
destabilizing effect on the overcritical rotor whirl, but may be counteracted by other
external dissipative sources and/or by proper anisotropy of the support stiffness. The
internal friction effect may be treated by either dry or viscous models, obtaining
similar results in the hypothesis of small dissipation levels, provided that proper
equivalence criteria are defined between the two approaches. The equivalence is
here stated by imposing the same energy dissipation over a large number of shaft
revolutions. Approximate closed-form autonomous solutions for a symmetric rotor
arrangement subject to Coulombian non-linear friction are derived by an averaging
approach of the Krylov-Bogoliubov type, in order to ascertain the result similarity
between the two dissipative assumptions. Summing up, the viscous equivalent linear
assumption appears conservative in general and may be accepted for a
straightforward analysis of the overall rotor dynamics in the whole speed range.
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INTRODUCTION

As well known, the internal friction may exert a destabilizing influence in the speed
range above the first critical speed, whose consequences may be important if the
hysteretic properties of the material are remarkable (e. g. carbon/epoxy [1]). In
despite of this, the unstable trend can be efficiently counterbalanced by other
external dissipative sources. For example, suspending the journal boxes and letting
them rub against dry friction surfaces on the frame, a strong damping action can be
achieved, together with an excellent contrast to the critical flexural speeds [2-5].

The first approaches to this problem date from references [6-8]. Reference [9]
reports a valuable stability analysis for a symmetric rotor on a hysteretic shaft, where
the stability threshold is searched by the Routh-Hurwitz criterion. More recent
analyses develop in-depth formulations, where the system asymmetry, the
gyroscopic effects and the anisotropy of the supports are taken into consideration
[10-14]. Other papers focus on the particular damping properties of the supports, for
example hydrostatic bearings or optimized viscoelastic suspensions [15-16].
Approaches in terms of finite elements are also widely present in literature, together
with thorough treatises covering several aspects [17-20].

The present analysis firstly develops the preliminary results of reference [21],
addressing the conical whirling motions of an asymmetric unbalanced rotor-support
assembly subject to different suspension stiffness and damping coefficients in the
horizontal and vertical planes. The natural frequencies are traced on Campbell
diagrams, the elliptical paths of the rotor and the bearings are calculated in the
speed range and the stability of the steady motion is checked by the Routh-Hurwitz
procedure in dependence on the gyro structure, on the support anisotropy and on
the system asymmetry, showing how the hysteretic instability can be conveniently
prevented by differentiating the suspension stiffness in two orthogonal inflexion
planes. Wide-ranging numerical solutions indicate that the viscous linear hypothesis
gives conservative instability thresholds in comparison with the Coulombian
assumption when the equivalence is based on the same energy dissipation over a
large number of shaft revolutions.

Then, the analysis addresses the symmetric arrangement more in detail, in order to
capture helpful guidelines about the possible interchangeability between the viscous
and dry models of the internal friction. Quite similar stability conditions are found for
balanced rotors subject to viscous or dry dissipation. While the linear case may be
faced by the Routh Hurwitz procedure, the non-linear one may be dealt with by
numerical procedures, but the actual situation is better elucidated by perturbation
approaches, e. g. of the Krylov-Bogoliubov type, which may give a valid quantitative
indication on the stability thresholds throughout the whole speed range.

MATHEMATICAL MODEL

Figure 1 shows the rotor-suspension system and may be used as a reference for the
notation. The approach is similar to ref. [2-5, 22]. The rotor is subject to a static
unbalance, specified by the location of the mass centre C at some fixed eccentricity
e from the intersection O; of the shaft axis with the rotor diametral plane, and to a
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dynamic unbalance, which may be schematized by two equal fictitious point masses
my, symmetric with respect to Oy, lying on a meridian plane which does not contain C
in general. The masses of the support are neglected. The torsional deformation
between the rotor and the end sections is ignored, as the torsional motion is
uncoupled with the bending motion within the linear approximation.

The frame Cxyz moves with C remaining parallel to the fixed frame Oxoyo2o, While
the frame C¢&n(is obtainable by another auxiliary frame fixed to the rotor, through a
backward rotation of the diametral axes &£ and 7 around ¢ of an angle equal to the
rotor rotation 6 = wt. Then, the reference C&nd does not partake in the main rotating
motion with angular speed w, but performs only the small rotations ¢ and y around
the axes x and y due to the shaft deflection. Furthermore, the shaft is supposed
horizontal and the gravitational field g is assumed directed towards — .

The differentiation with respect to the dimensionless angular time variable 8 = @t is
indicated with primes, whence d(...)/dt = &...)', etc. Moreover, defining a reference
shaft stiffness ko, taken for example from the fixed support case (ko = 48El/s® for two
self-aligning bearings, or ko = 192E/l/> for two cylindrical bearings, where El is the
flexural stiffness and /s the shaft length) and defining a reference critical speed @, =
Jky,/m, the angular speed ratio 2 = @ /@, may be introduced, together with the
dimensionless stiffness ratios, Ksx = Kax/ ko, Ksy = Kay / ko, Kax = kax/ Ko and Kay = Kay/
ko, assuming different support stiffness in the horizontal and vertical planes. As

regards the self-weight effects, the dimensionless gravity parameter 7" = mg/(eko) is
introduced.

Some external environmental dissipation is supposed to act on the rotor translational
and rotational motions and the correspondent resistances are assumed viscous-like
and linear for simplicity, whence the viscous equivalent coefficients ¢ [kg-s''] and ¢,
[kg-m?s™] are introduced, together with the damping factors d; = 0.5¢a/ ko and d> =
0.5c,m/( kols?). Similarly, the damping factors dsy = 0.5¢sx@/ ko, dsy = 0.5¢c3y@/ Ko, dax
= 0.5¢csxa/ ko, dsy = 0.5c4ym/ Ko, are ascribed to the horizontal and vertical damping
of the suspension system, where the c's stand for viscous damping coefficients of
the supports.

Similarly to [2-5], the shaft is considered massless, elastic and hysteretic, and the
internal dissipative force acting on the rotor is assumed opposite to the velocity vy,
of point Oy relative to a reference system Os;&7m0¢o having the coordinate axis ¢
through the centres of the shaft end sections and rotating with the driving end
section at the same angular speed o (see detail of Fig. 1). Indicating with Lz = — z3 /s
and L4y = z4 /ls the dimensionless distances of the rotor from the shaft ends, the
components of V. in the fixed reference Oxoyozo are Viex = Xy—Xsly —X4lg +

o(y1—ysly —Y4lg) and Vi, = yy—yaly—yals — o(x; —x3Ls —x4L3). For
viscous-like internal friction, the hysteresis force on the rotor is given by the product
of the relative velocity and a hysteretic coefficient ¢y Fp, = — CpVe. The
correspondent forces on the two supports are given by Fsp = — LsFp, F4p = — LsFp. In
the hypothesis of Coulomb friction, a different model must be applied: F, = —
FharyVrel/|Vrel|, Where the coefficient Fp gy is the friction force level.
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Considering the steady rotation of a perfectly balanced weighty rotor immersed
horizontally in the gravity field, the shaft deflection plane is motionless and counter-
rotates with opposite angular speed with respect to the reference frame Os;&704o
fixed to the shaft end sections. Therefore, point O; travels along a circular path in
this reference frame and the hysteretic work done during one single revolution is

given by the integral ch§(vrze|_,x + vrzeL,y)dt =cho § [(y1 — Lays— Lays)® + (— X1 + LaXs +

L3x4)?]d6, where x; and y; are equilibrium values. Assuming that this work is
proportional to the square of the path radius and independent of @, it is easy
verifiable that the product c,w must be considered constant on varying o, whence a
constant hysteresis factor d, = 0.5¢cyal ko may be introduced (see [23]).

The presence of some unbalance induces a further rotating bending of the shaft
around the equilibrium configuration, with the same angular speed @, and, in case of
isotropic stiffness and damping of the supports, i. e. for Ksx = Kay, Kax = Kay, Gax = 03y,
dsx = day, this motion is circularly polarized, does not imply any relative velocity with
respect to the frame O3&70¢o and is uninfluential on the overall friction work. In the
case of suspension anisotropy on the contrary, the unbalanced trajectories are
elliptical and thus, transforming the coordinates from the fixed frame to the rotating
frame O;&n0lo, the paths take double looped shapes and are covered by twice the
shaft frequency, i. e. with the angular speed 2w, because the radius vector is subject
to increasing and decreasing phases twice during one full revolution of the rotating
frame.

Following [23], the two mentioned dissipative cycles must be dealt with separately
and two different hysteresis coefficients ¢, must be defined, the one, cu, for the
frequency w and the other, crp, for the double frequency 2w. As it is reasonable to
assume that wcy = 2wcer = h [23], where his a hysteresis constant of the material,
two hysteresis factors must be introduced, dy = 0.5 h / kg for the relative rotation of
the equilibrium deflection plane and dxz = 0.25 h / ky = di /2 for the elliptical motions
due to the unbalance. The hysteresis factor dy will be used for the equilibrium
configuration, while d will be used for the frequency response to the unbalance.
When applying the small perturbation procedure to check the system stability, very
small deviations of the perturbed trajectories from the steady paths will be assumed
and the factor dy will be kept unmodified. The use of the first or the second
hysteresis factor in the stability analysis will depend on the prevalence of the gravity
or the unbalance effect on the rotor response, I"= mg/eko) > 1 or I"'= mg/(eky) < 1.

If the internal dissipation is of the dry friction type, the work per cycle is
Fhary§1/Vial x + Vil,,dt and a dry damping factor must be defined: dhay = Frary A

koe). The equivalence between dry and viscous friction can be stated and checked
on the basis of the same energy dissipation during a sufficiently large number of
revolutions and the parameters dxay and ds can be thus correlated with each other.

Introduce the dimensionless displacement-rotation vectors X = {Xi, Xo, X3, X} and
Y ={Yi, Yo, Y3, Ya}', where, using the subscripts 1, 3, 4 for the displacements of the
rotor and the support and 2 for the rotor tilt around y and x, it was put X; = x;/e, Y;=y;
/e, for j# 2, and Xo = ylle, Yo = —¢l/e (the minus sign in the definition of Y> permits
using the same stiffness matrix for both the bending planes, xz and yz).
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Scaling all forces and moments by kpe and kpel respectively, considering self-
aligning bearings, introducing the dimensionless stiffness matrices K, in the inflexion
planes xz (j= x) and yz (j = y),

1-3LL, LiLy(Ls —Ly)/ c -1 - 13
Koo ] LiL,(Ls—L,)/c L1515/(2c-1) LL5/c ~LL5/c )
SR 115 ~ L5 L5/ c 16L3L5K,; + L5 0

-3 ~LL/c 0 16L3L5K,; + L3

where ¢ = 1 or 2 for hinged-hinged or clamped-clamped shafts (¢ = 1 in the
following), and the hysteretic matrices H; for i= 1 or 2 (frequency w or 2w)

1 0 -1, -Lg
0 0 0 O

the equations of motion can be written in the form

0% cos6
— My422 cos(@-7)
0
0

K, X +202D,, X +2H,(X"+ Y)+ Q°MX” + Q°GY’ - =0

(3a,b)
Q%sin6-r
— My422 sin(6 - y)
0
0

K.Y +20D,,Y +2H;(Y - X)+ 2°MY” - Q°GX’ - =0

where My = 0.5 mysd./elsmis a dynamic unbalance number, s, and d, being the axial
size and the diameter of the rotor (see Fig. 1), and yis the angle between the
meridian planes through C and through the point masses my. Moreover, Jg = jy/mlg?
and J, = j./mls are the dimensionless diametral and axial moment of inertia of the
rotor, scaled by the product mls?, j; and j, being the real moment of inertia, evaluated
in the absence of dynamic unbalance, and the matrices D;; (j = x, ), M and G are
diagonal and are the viscous, massive and gyroscopic matrices, whose coefficients
are (di, db, dsj, ds)), (1, Jg, 0, 0) and (0, Js, O, 0) respectively.

RESULTS FOR THE GENERAL ASYMMETRIC CASE

The equilibrium configuration is obtainable rewriting Eqgs. (3) in the form K,Xeq +
2HYeq = 0, K,,Yeq — 2HiXeq = —1"{1,0,0,0}". This algebraic system leads to the
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solution, Xeq, = 27AH1 (K, + 4Hi{AHy)" {1, 0, 0,0}, Yeq = I (K, + 4H1AHy) {1,
0, 0, 037, where A;; = K;;' are the flexibility matrices, and introducing the 2x2 shaft
flexibility sub-matrix [Ao] (fixed supports)

B Ll - L)

AO :16
Laly(Ly—Lg)  1-3Lgly

this solution can be written in the form

Aoi1 N 15 N 15

1+4d3 A5 Kay Ksy

A1 Aot L Ly

2dp 17 2 A2
eq. = 5 zAO’; e Yeq. =—1" f+adnfon Koy Kay (4a,b)

1+4diA511 | O Le
0 K3y
Ls
Ks,y

As Xieq. @and Xzeq. are positive for duy # 0, while Xseq = Xseq. = 0, the hysteresis
appears to produce a constant bias of the inflexion plane, concordant with the
angular speed, while the static support deflection occurs in the vertical plane.
Equations (4) show also that the static rotor displacement is small of order dy; in the
horizontal direction, whereas the changes of the vertical displacement due to
hysteresis are of order dy:°.

The natural precession modes of the rotor-shaft system are obtainable ignoring the
forcing and dissipative terms in Eqs. (3). Defining with K}/ the 2x2 matrix extracted
by a generic 4x4 matrix K considering only the elements of rows j and j and columns

k and I, putting K, = Ki3 - ( 34sz Ky, K Ki5 - ( 34sz Kaz, X =

exp(i2,6/0), Y;=-iY) eXp(I.QnH/.Q), where the dlmenS|onIess precession speed .Qn=
oy /@, was introduced, the characteristic equation is a fourth degree algebraic
equation in £2,2, dependent on ©2?

l(RXH -2 xszz - Jd—Qg)— R§121(Ry11 -2 nyzz - Jd—Qg)— Rfmlz
(— 2X— 2),,2 2 2 ()

= K11 — 425 Ky11_'Qn a$2"42;,
The choice between the plus or minus sign for 2, = J_r\/.Q,"f after solving Eq. (5) for

0.2, may be done in view of getting equal signs for the amplitudes Xio and Yi,,
whence the whirling motion of the rotor centre is a progressive or retrograde
precession for £2,> 0 or £, < 0.

Figures 2 show the Campbell diagrams for two examples cases, of an oblong and an
oblate ellipsoid of inertia of the rotor. The left diagrams refer to isotropic support
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stiffness and the right ones to anisotropic stiffness. The continuous lines represent
forward/backward whirl and refer to the motion of point O, together with the other
motions with the same whirl direction. When on the contrary the whirl direction of one
support or of the rotor axis is counter-directed with respect to the rotor centre, a plot
with small circles or crosses is reported, symmetric of course of another continuous
branch. Only equal-directed whirling motions may develop for isotropic support
stiffness, whereas some whirling directions may be opposite to the rotor centre,
when the supports have quite different stiffness values on the two planes.

The response to unbalance can be detected replacing X = X cosé + X Sing, Y =
Yo cosf + Yg siné into Egs. (3) and applying a harmonic balance procedure. A
16x16 algebraic system is obtained, whose solutions permits calculating the steady
elliptical paths of the rotor and the supports.

The principal half-diameters and their angles with the fixed reference frame are:

aj \/YCZO,/' + Yszo,j + Xgo,j + sto,j J—”\/(Yczo,/ + Yszo,j - go,j - ng)2 + 4(XCO/'YCO/' + XstYst)2
bj_ 2

(6a,b)
2(XCOjYCOj + XSOjYSOj)

tan2¢; =
] 2 2 2 2
Xco,j + Xs0,j = Yc0,j = Ys0,j

As an example, Figure 3a shows the equilibrium points and the steady elliptical
trajectories of the rotor and the supports during a complete wobbling cycle, for a
particular under-critical case. Figure 3b shows the path of point Oy in the rotating
reference Os& 100, pointing out the double looped shape of the trajectory during one
complete revolution.

The frequency response for the four whirling motions is also reported in Figs. 4 as an
example. The figures show the major and minor radii of the elliptical paths and the
angle ¢ of the major axis with respect to the horizontal plane. It is observable that the
rotor trajectory tends to a circle with radius equal to the mass eccentricity e for 2 —
oo, similarly to the conventional Laval-Jeffcott behaviour: the centre of mass tends to
its centred motionless position.

Stability of the Steady Motion

The motion stability can be inspected throughout the speed range by some

perturbation approach, putting X = Xsteady +X,Y = Ysteady +Y, where the subscript
...steady iNdicates the previous steady solutions and the tilde refers to the small
perturbations.

Assuming solutions of the type )~(=)~(0exp(m9 /9), \7:\70 exp(o@ /£), where ois a
characteristic number, using the previous notation and the hysteretic factors dy or
dyr in accordance with the prevailing of the gravity or the unbalance influence in the
system under examination, one gets a twelfth degree characteristic equation, E.(o) =
boo'? + bid' + ... + bio®T + ... + bjyo + b2 = 0, where the coefficient by of &% is
equal to 16J,7[Oaxlax + n(Gaxls® + daxla®) 2] [Oaylay + An{dayLs® + dayls®)/2] > 0. As
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regards the other coefficients, a collocation method may be applied, choosing six
values o; arbitrarily for i = 1, 2, ..., 6, evaluating E.(oj) and E/—0;) and composing
two uncoupled 6x6 algebraic systems for the even and odd coefficients by

Ec(O'i)+ Ec(_ 0'/)
2

—byo)? = by,o!° + b6l + bso? + bgot + byyo? + byo
5 0
(fori=1106) (7)

Ec(O'i)—Ec(— 0'/)

11 9 7 5 3
5 =bioj +b307 +bso; + br07 + byoy + byy0;

Then, the usual Routh-Hurwitz procedure can be applied to calculate the thresholds
of stability, i. e. the levels of the external viscous damping needed to nullify the
destabilizing effect of the internal hysteresis. This is done exploring the speed range
carefully for several values of the geometrical and mechanical parameters of the
rotor-shaft-support system and increasing the external viscous damping stepwise by
a trial and error technique. The main features of the system behaviour are reported
in the examples of Fig. 5, where the damping factors d; and d> were chosen null and
all the others were assumed equal (dsx = dsy = dax = dsy = d).

Figure 5a reports the stability threshold ds in dependence on the geometrical location
of the rotor along the shaft. In particular, it shows the effect of the stiffness
anisotropy of the supports. It is interesting that the increase in the stiffness
anisotropy improves the stability of the whirling motion mainly if the rotor is mounted
at the mid-span of the shaft. Actually, no external viscous dissipation source is
required for symmetric systems if the relative difference between horizontal and
vertical stiffness is larger than a certain limit value. This result agrees with the ones
of the following section and with reference [9], but it is here clearly shown how the
beneficial influence of the support anisotropy decreases on shifting the rotor towards
the one or the other support, unless the suspension system is isotropic, in which
case the worst stability conditions are just found in the symmetric configuration.
Observe that, on increasing the difference K, — K, the curves of Fig. 5a begin to
show a sort of dip near L3 = 0.4, which becomes more and more pronounced until
turning the curve towards the point L3 = 0.5, ds = 0 for higher stiffness gaps (perfect
stabilization). In this region however, the diagrams are quite steep, so that the best
benefit of the suspension anisotropy appears confined in a rather narrow interval
astraddle the mid-span, though it remains always favourable with respect to the pure
isotropic case K, = Ky also for moderate values of K, — K. Thus, the results of
previous studies (e. g. [9]) are confirmed but appear strongly limited by an even
small change of the rotor position in the neighbourhood of the shaft middle section.

Figure 5b shows similar plots, but focuses on the gyro structure, which is found to
exert a slight but clear destabilizing effect and in fact, the case of a spherical
ellipsoid of inertia of the rotor (J; = Js) requires the lowest additional viscous
damping to stabilize the rotor whirl.

The influence of the elastic dissymmetry between the front and back suspension is
shown in Fig. 5c, whose diagrams may be prolonged for Lz > 0.5 by mirror
interchange of the two lower curves. These plots indicate the convenience of a more
flexible suspension of the support closest to the rotor, particularly if the rotor is
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mounted roughly halfway between the mid-span and the support. On the other hand,
it is to be observed that all diagrams of Figs. 5 a,b,c,d indicate in general a stabilizing
effect of the geometrical asymmetry of the rotor configuration and a negligible
influence of the shaft hysteresis for L3 — 0.

At last, the case of "infinite" vertical stiffness (journal boxes moving only horizontally)
is compared in Fig. 5d with the isotropic stiffness case: the unidirectional support
compliance appears here much more convenient with respect to the axial-isotropic
case.

The stability control can be also carried out by numerical integration, starting from
random initial values and using some proper routine, for example of the Euler-
Cauchy or Runge-Kutta types, though this kind of approach is more wearisome.
Nevertheless, this turns out to be a convenient procedure when modelling the
internal dissipation by dry friction. Assuming such a friction model as the most
appropriate for a particular system, the internal hysteretic force acting on the rotor
has to be considered constant and opposite to the relative velocity with respect to
the rotating frame shown in the detail of Fig. 1, and has thus the two components Fpy

[\,2 2 [,2 2 o
= - Fh’dry Vre|_!x/ Vl’el.,X + Vre|_,y 5 th = - Fh!dry Vre]qy/ vrel.,x + Vrel"y . Furthermore, It IS

to be observed that the differential system (3a,b) is of the twelfth order, due to the
neglect of the support masses, and when integrating numerically, the third and fourth
equations of (3a) and (3b) must be solved in advance for the four derivatives, X5,
X4, Y5, Y4 at each step. This task can be fulfilled by simple inversion of sub-
matrices in the viscous linear case, but must be carried out by some iterative
procedure in the dry non-linear one.

The numerical integration of Egs. (3) permits comparing the results obtainable by the
viscous and dry models. To this end, some equivalence criterion must be stated
between the coefficients Fpnqy and c, or else between the hysteresis factors dgry =
Fhrar/koe and dy = 0.5charko, and this may be done for example by imposing the
same dissipated work over a period of several revolutions of the rotor: dpary =

2d; ja+2N”( / +2N7 o +770 249 where N >> 1. During the calculation of

the diagrams reported in the foIIowmg figures 6, the dry coefficient dj 4y was updated
at the end of each long period according to this equivalence criterion, until it reached
a nearly invariable asymptotic value. Then, the numerical integration re-started using
this asymptotic value.

Figure 6a shows the transient path of point Oy, in the viscous and dry assumption,
for a stable under-critical case. As clearly observable, the two diagrams exhibit
nearly the same evolution and tend to the same elliptical path. On the contrary,
Figure 6b refers to an unstable over-critical case, but shows that the two trajectories
are roughly similar. Moreover, checking several working conditions close to the
stability threshold, it is observable that the threshold is reached for slightly higher
levels of the external damping by the linear hysteretic model than by the Coulombian
one. As a result, it appears that the viscous hysteretic hypothesis can be
conveniently applied also in the case of uncertainty about the amount of Coulombian
friction within the whole internal dissipation, giving quite conservative results.
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ANALYTICAL APPROACHES TO THE SYMMETRIC CASE

The effect of the stiffness anisotropy may be better elucidated by analysing a rotor
mounted at the mid-span of a shaft on symmetric supports, Ksx = Kax = Kx ot /2, Kay =
Ky = K10t /2, with equal damping factors, dsx = dax = day = day = ds 01 /2, and zero
external dissipative forces on the rotor, di = d> = 0. In this case, the conical whirl is
uncoupled with the cylindrical whirl and is independent of the hysteresis and stable.
Actually, all the following approaches for the simpler symmetric case could also be
extended and adapted to the general asymmetric case, but would just replace its
original differential system with another one to be solved numerically all the same
and would not yield straightforward analytical results.

Putting X1 = Xr, X3 + X4 = 2Xs, Y1 = Yr, Y3 + Y4 = 2Ys, observing that f(jzﬁ = —2&213 =
—2Kiz4 =1, 2Kiz3 = 2Kius = 1 + Kj 1o (for j = x or ), the perturbed cylindrical motions
included in Egs. (3a) and (3b) may be described by the simpler differential system:
Xr = Xs + 20ni (X/'—= X's + Yy — Ys) + X" =0

_Xr + (1 + KX,fOt.)XS + zgdsitot_x's - 2dh/ (Xr'_ X'S + Yr - Ys) = 0
Y, — Yo+ 20n(Yy'— Yis— X, + Xo) + £2Y,"=0

- r + (1 + Ky}[ot) YS + zgdsltot, Y’S - 2dh[(Yr'_ Y’s - Xr + Xs) = 0

(8a,b,c,d)

where the tildes have been omitted.

Replacing solutions of the type exp(c@ /), it is easy to arrive at the sixth degree
characteristic equation

(FF + 40p7)(Ax + P) (A + ) + FAA, + FHA(A, + &) + AfAc+ 67)] =0 (9)

where H =1 + 2di0 /82, Ax = Kxtot. + 2051010, Ay = Ky 101 + 2051010, and it is observable
that the fifth Routh-Hurwitz determinant RHs is the first one that becomes critical on
increasing the hysteresis factor dp. Neglecting the viscous damping, in order to
assess the self-stabilizing aptitude of the system, and assuming the realistic
hypothesis that (2d; /£2)? << 1, this determinant may be ascertained as positive and
then stable if the difference (K i.r — Kx.1or) is of the same order of magnitude of K o
and Ky :- When on the contrary (K.t — Kxor) is Of order dp;, one can find that the
dominant part of RHs is given by RHs = (2 + Kiyior. + Ky or) (Ktot Ky tor)*(2ahi /2)*{(Ky 1ot
— Kytor)? — 8dh,-2[(Ky,tot_ — Kyror)? + 2(Kx,tot_Ky,tof_)2]}, whence the following stability limit
may be obtained irrespective of the angular speed

Ky 1ot K
| xtot. Ny, tot. |< 12 1 .
‘Ky,tot. _Kx,tot.‘ 16d; 2 4dy

This result is in perfect accordance with Fig. 5 a,b for L3 = 1/2 and points out how the
elastic anisotropy of the supports may exert a strong stabilizing effect.
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Small Perturbation Procedure

Putting U = X +iY, V = X - iY, multiplying Egs. (8c) and (8d) by the imaginary unit i,

summing and subtracting them from Egs. (8a) and (8b) respectively, one gets

Ur - Us + 2dhi[(Ur' - U's) - |(Ur_ Us)] + QZU/’"= 0

Ky tot. + Ky tot.
2

K -K
x,tot. y,tot. Vs+ 2.02ds 101 U's +

=20 [(U/' = U%s) —i(U, = Us)] =0

-U+(1+ YUs +

(11a,b,c,d)
Vr - VS + 2dh/[(Vr'_ V'S) + |(Vr_ Vs)] + .szr"=0

Kyror + K Kytor. =K
X,tot. 5 y,tot. )Vs + X, tot. > y,tot. Us+ 2 .st,tot. Vs +

—2dn (V' + V) +i(V,— Vs)] =0

In the hypothesis that the dissipative factors ds and dj,; are small, the characteristics
roots of system (11) are very close to the natural frequencies 2,. Therefore, putting
U =Upexp(icd/), V = Voexp(icd /2), where ois nearly real and very close to one of
the ©,'s and the constant vectors Uy and V, are nearly real as well, it is easy to
recognize that U and V describe progressive and retrograde precession motions
respectively for Real(o) > 0, or vice versa for Real(o) < 0, which motions are coupled
with each other through the differential stiffness coefficient (Kiwr — Kjto)/2. In
accordance with the elliptic shape of the orbital paths, all natural modes turn out to
be composed of progressive and retrograde circular motions, which become
uncoupled for Ky = Ky . Notice that the ideal non-dissipative natural modes are
uncoupled in the horizontal and vertical planes by Egs. (8a,b,c,d).

All small parameters can be scaled by dy;, putting dsr. = 0dn and o = 2, + 1404,
where 6and A are numbers of order one and stability requires the real part of 4 to be
positive, in order that the real part of io is negative. Replacing the above exponential
solutions into Egs. (11a,b,c,d) and retaining only the terms of order 1 and d;,;, one
gets a complex algebraic system for Uy, Usy, Vo, Vo, Whose coefficients are given
by the matrix

1- Q2 + 2idyy (s - 22,) —1-2idy;s") 0 0
—1-2idjs") 1+W+2mm (0 + 62, 0 w
0 0 1- 02 1 2idy (™) - 22,) —1-2id,;s™) (12)
0 Hatt~ Rt S-gidyst  1e R e pig (604 a0, )

2 2

where one has put s7 = @2,/2 - 1 and s* = @2,/2 + 1. Cancelling the terms
containing 2idy;, we get the characteristic equation for the natural frequencies:

2 2
{[1 N Ky tot. J2f Ky,z‘ot.j(1 _Qs)_q _[Kx,tot. ; Ky,tot.j (1 —_(25)2 -0 (13)
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Whence .an = 1/(1 + 1/KX,['0['_ or y,tot_).

The first order correction 4 to the eigenvalues of system (11) may be obtained
multiplying the terms with 2idy in the determinant of (12) by their own cofactors in
the ideal matrix with dj; = 0. After some algebra, one gets

2idh{[1 ¥ MJG - 22)- 1}{ n_ J[(s(_) +sW)a? 126t — 22f - 21} =0 (14)

1-.02;

Since the quantity (s + s")2,2 = 202,"/2is always positive, Equations (13) and (14)
clearly indicate that A is real and positive and the motion is stable. Nevertheless, for
small anisotropy, i. e. for ng tot. — Ky,101)/2 Of the same order of dy;, the left hand of Eq.
(14) becomes of order d;/ by Eq. (13) and Equation (14) does no longer hold true in
a first approximation analysis, as other terms should be taken into account in the
development of the determinant (12): the results from Eq. (14) are then valid only for
relatively large anisotropy and reveal stability, in accordance with the previous
approach. For (Kxwor — Ky.10t)/2 of order dy on the contrary, one can put Ky, = (Kot +
Ky,tot.)/zs kdpi = (K tot. — Ky,tot.)/zs Ky tor. = Km + K dhi, Ky,tot. = Km — xdp;, where k= O(1),
and Equation (13) becomes [(1 + Kn)(1 — 2,2) — 1] = 0, whence 2,2 = Ky, A1 + Kp)
twice. The dominant terms of the complete characteristic equation yield

402,

m{[s(_)K,?n +§Qn —ﬂgn(‘l + Km)z][S(‘F)K,%’ +§'Qn _ﬂ/‘Qn(.I + Kmf]*‘é} ~0 (15)
m

and, as s* = ©2,/2+ 1 and 2,=+/K,,/(1+ K,,,), Equation (15) gives

ﬁj + 8- A1+ K, )T(ij_xu’“z 0 - ’zw M+K,F = \/(HJ{K“—KZ] (16)

1+ K, 4 Km 4

Equation (16) points out that the absolute stability (i. e. for 0 < 2 < ) can be
obtained only for 62> (1 + 1/Kn)(Kx' — &%/4) if Ky* > &%/4, because A turns out to be
always real and positive. The stability is always ensured for any viscous level ¢ on
the contrary, even for § — 0, if K, < x¥/4, which condition confers an imaginary
value to 4 and is exactly equivalent to Eq. (10), if one minds that K (0t Ky, tor. = K2 +
O(dh) and &2/4 = [(Kxtor. — Ky tor)/ (4dh)]2.

As the perturbed motions under examination are very close to the natural precession
motions, it is also possible to opt for a slightly greater precision in the definition of the
hysteretic effect and consider such motions affected by their own hysteretic
coefficients cyp, = h /|w, — al, inversely proportional to the relative angular speed |@,
— o [23]. Therefore, recalling that ¢,y = h /w and dyy = 0.5 h /ky for the relative
rotation of the equilibrium deflection plane, the hysteretic damping factors d; of Eq.
(11) could be replaced by the more specific ones dhn = Chin® 22ky = (Chn /Cr1)h / 2Ky =
dm /192, /2 — 1|. Applying these correctlons the quantities s* would now stand for
sgn(£2,/2 + 1) in Eq. (15), whence s = 1 and s = —1 in the supercritical regime.
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As a consequence, Equation (16) would still be applicable, save the disappearance
of the term K;,,% /42, and the final result (10) would then remain unchanged.

Should we consider the true isotropic case Kyt = Ky 1o = Km, K = 0, Equations (11
a,b) would be uncoupled from Egs. (11 c,d), the ideal natural frequencies would be
given by 2.2 = K, /(1 + K, (twice) and the stability equation (15) would change into
SYKn K (1+K,,) + 6 =1 (1 + Ky)? > 0, the minus and plus signs referring to
progressive and retrograde rotations respectively (U progressive and V retrograde
for 2, > 0). While the retrograde motions V are stable, the progressive ones U may
happen to become unstable on increasing the angular speed, as s becomes
negative. Nonetheless, the condition of absolute stability (1 > 0 for @ — <) would still

be 6 — KnK,(1+K,,) > 0. It is also remarkable that all the above results are valid
for both the hypotheses, that s* = @2,/@2 + 1, or else that s* = sgn(£2, /2 + 1).
Summing up, Equation (15) yields the interesting indication that the stabilizing effect
of the stiffness anisotropy of the supports is associated in practice to a sort of
coupling between progressive and retrograde precession motions (x > 0), which
coupling is absent in the isotropic systems (k= 0).

Autonomous Case: Krylov-Bogoliubov Technique

A new original approach, which may be considered as an extension of the Krylov-
Bogoliubov averaging method [24] to several degrees of freedom, can be also
applied to the search for the stability threshold of weakly non-linear autonomous
systems, i. e. of perfectly balanced rotors. As the calculation is quite laborious, it will
be here synthesized, in order to just highlight the main results.

Summing Egs. (8a) and (8b), summing Egs. (8c) and (8d), using the damping factor
dm as the rotor is balanced, indicating the small parameter dy with £ and applying
the previous notation for the other quantities, one gets
X"+ KnXs + €(2020X's + kXs) =0

X"+ X=X + ebx =0

LY+ KnYs + €(226Y's — kYs) =0

.QZY/'"+ Yr_ Ys+ 8¢Y=0

(17a,b,c,d)

and has to put @x = (dhay/dm)cosy, Dy = (dnan/dm)siny, tany = (Y, — Ys = X, +
X))/ (X' — X's + Yr = Ys) for non-linear dry friction, whereas putting @x =2(X, - X’s + Y,
-Ys) and &y =2(Y' - Y's — X, + Xs) would restore the linear viscous case.

The zero order solution (¢ = 0) is X; = Acos(p8 + @), Y, = Bsin(p8 + f), Xs = 22X,/ Kn,
Ys = 2.2Y, IKn, where p = 2,/02, 2,7 = Kn/1 + Kn) and A, B, a, S are constant.
Hence, following the Krylov-Bogoliubov approach, one can try a first order
approximation of the type X; = A(6)cos[p8 + a(6)], Y, = B(&)sin[p6 + S(O)], Xs = 22X,
IKm + as(8), Ys = 2.2Y, IKn + bs(6), imposing the additional conditions X’ = —
PA(B)sin[pb + o 8)], Y, = pB(6)cos[pl + B(6)]. Replacing this solution into Egs. (17)
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and neglecting terms of order & or smaller, two coupled differential systems are
obtained for the six unknown functions A(6), B(6), o 6), 5(6), as(6), bs(O):

Aa'2,02c0s(7—u) + A'Qn28in(7—1) — Kpas =
2
=e% Alxcos(z — u)- 282, sin(z — 1)

m

: (18a,b,c)
Aa'Q,02c08(7—u) + A'Qp028in(1—1) + as = €Dy

Aa'sin(t—u) — A'cos(7—u) =0

BB'0Q,0sin(7+u) — B'Q,02cos(t+u) — Kmbs =

2
=8% B[252,, cos(t + i) — ksin(z + u)]
m (19a,b,c)
BB'0Q,0sin(7+u) — B'Q,02c08(7+U) + bs = €Dy

Bpcos(t+u) + B'sin(z+u) =0

where it was put 7= pé + (o + f)/2 and u = (f — a)/2 for brevity. Equations (18) and
(19) indicate that the quantities A, ', as, B, ' and bs are small of order & whence
the amplitudes A(6) and B(6) and the phases o(6) and (€ vary much more slowly
than the argument pé.

Considering only the dominant terms of &x and &y and carrying out some long
calculations, we may arrive at

Dy = (dh,dryJ Bsin(z + 1) — Ap sin(z — i)
* o\ dy JWA1- K2 sin(z - g)

By = (dh,dry j pBcos(z + u)— Acos(z — 1)
i JW A1 - K2 sin?(z - ¢)

(20a,b)

where tan2¢ = [(A* + B?)/( A?® — B%)]xtan2u, which relation is associated to the
condition (1 — p?)sin2u /sin2¢ > 0, and

(A2 + 821+ p?)- 4ABpcosau + [t p?/A* + B* - 2422 cos du
- 2

K2 2‘1_:02‘\/'44 +B* —2A°B? cos4u (21a,b)

(A2 + B2 X1 + pz)— 4ABpcos2u + ‘1 - pz‘\/A“ +B* - 2AB? cos 4u

Moreover, neglecting the change of the slowly varying variables, the condition of
equal dissipative work for dry and viscous friction reads
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27 2 k2
j[1—kzsin2(f—¢)]d9 2N W -
oy _ 502 JW | 0 =
n 2r
A [ J1-K2sin?(z—¢g)do
0

E(k)

where E(K) is the Legendre's complete normal elliptic integral of the second kind.

Replacing Egs. (20) into Egs. (18-19), using Egs. (21) and (22), solving for A', B', «,
B, and integrating with respect to the "quick" variable 7z over a period 27z, the slow
gradients A, o/, B', ' turn out to be functions of the complete elliptic integrals of the
first and second kinds, whose values may be found tabulated in several
mathematical handbooks. Putting eo = £/ [22,(1+K»)?], P = (2 — K¥)(K - E)/(KE), Q
= (2 - K)KI(2E), where K(k) is the Legendre complete normal elliptic integral of the
first kind, one gets

A=¢, {K,",’7 [(P-Q)Bcos2¢+QBcos2u—(P-Q)pAcos2(u—¢)— pAQ]- 5_QnA}
B=¢, {K,f7 [- (P—Q)Acos2¢+QAcos2u + (P -Q)pBcos2(u + ¢)— pBQ]- 5QnB}
Ad = e K2 [- (P Q)Bsin2¢ + QBsin2u — (P - Q)pAsin2(u - ¢)]+ Ax/2} 23a.6,6.d)
B = gg{K,i[(P— Q)Asin2¢ - QAsin2u — (P - Q)pBsin2(u + ¢)] - BK’/Z}

Notice that, putting P = Q = 1, one regains the equations of the linear viscous case.

Multiplying Eq. (23a) by A, Eq. (23b) by B, minding the previous definition of ¢ and
subtracting, one may arrive at the relation

, ( AL ge 2ABCOS2,ungn(1_p2)

A% _B? o0
( 5 2) =—2€Q,0K,f1 —’2’ +Q+(P—Q) — P - (24)
(42 - B?) PKm JA* +B* —2A2B? cosdu

whose right hand turns out to be negative in the field of interest, so that A—- B — 0

and we may put A = R, B = R after some time. Hence, putting S = JQZ + ,02(P—Q)2 ,
tan2y = p(P — Q)sgn(sin2u)/Q, Egs. (23 a,b) give place to

Lil = e,K2| Scos2(u+y)- 5‘2’7 ~-Qp (25)
R K2

while Egs. (23 c,d) give
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7

, ’_a ,
e L

Ssin2(,u+z//)+2;2—(P—Q)sgn(sin 211) (26)

m

P, Q, and S are very slowly varying functions of x, A and B through the modulus k of
the elliptic integrals and may be approximately considered invariant when integrating
Eq. (26). Putting b = x /2K,?) — (P — Q)sgn(sin2y) for brevity. Equation (26) can be
integrated to

b? -2 tan(— e, K2 b2 — 52 ) _s

tan(u+y)= - for b* > S°
(\/ S?-b? - Sj + (\/ S?-b% + S] exp(— 2¢ K2 S? - b? j (27 a,b)
tan(u +y)=

b[1 T exp(— 2¢ ,K2 W S? - b? ﬂ

for b < &°

where the upper sign holds for btan(u + ¥) + S— VS?-b? > 0, the lower one vice
versa and the new variable ¢ = 8- & includes the integration constant 6&.

Equations (27 a,b) permit expressing cos2(u + ) as a function of ¥ and integrating
Eqg. (25). Omitting the calculation procedure for brevity, it is possible to find that

jﬂScosZ(ﬂ+w)—5.Qn/K,2n —Qp}dﬁ is a diverging negative function of #for b* > S°,
whereas for b* < &, it is easily observable that tan(u + ¥) — —(S—\/S2 —b? )/b for

¥ — oo, implying that x + wtends to an asymptotic nonzero value and cos2(u + ¥) —

41— b2/S2 . Therefore, R tends to vanish and the motion is certainly stable for % >

S?, whereas for b < S, replacing the above asymptotic value of cos2(u + ¥) into Eq.
(25), it is possible to get the stability condition

o2 >i\/8—( ° ﬂ1—(ZK%j(P—O)sgn(sinZﬂ)}2 -pQ (28)

K2 2K2 K

m

which, minding that £2,= \/K,,/(1+ K,,), changes into Eq. (16) applying the "viscous

values" P = Q = S = 1. Notice also that the condition b* > S? becomes #*/(4K,") > 1
in this case.

Equation (28) permits calculating the stability threshold levels of the external

damping 0 = dswt/dp for the non-linear case, introducing suitable approximation

formulas for the elliptic integrals, which give their values as functions of the square of

the complementary modulus m = 1 — K [25] and yield a precision of order 107%: E(k)

=1+ Y(ag—bgInm)m', K(k) = 1+ Y.(ax; —b;Inm)m’, where the coefficients are
i=1to4 i=0to4

given by



Proceedings of the 15" Int. AMME Conference, 29-31 May, 2012

ar1 = 0.44325141463
ae> = 0.06260601220
aegs = 0.04757383546
ars = 0.01736506451

ako = 1.38629436112
a1 = 0.09666344259
axz = 0.03590092383
axs = 0.03742563713
aws = 0.01451196212
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be1 = 0.24998368310
bez = 0.09200180037
bes = 0.04069697526
bes = 0.00526449639

brko=0.5
b1 = 0.12498593597
bio = 0.06880248576
bxs = 0.03328355346
bis = 0.00441787012

Table 1. Coefficients of approximation formulas for complete elliptic integrals [25].

Two indicative diagrams are reported as examples in Figs. 7 and 8, showing the
threshold levels of the external dissipation needed to damp the whirl instability, for
both the Coulombian and viscous models. As observable, the Krylov-Bogoliubov
approach gives results in the non-linear case that are very close to the viscous
assumption. Figure 7 shows the stability threshold in dependence on the shaft
angular speed, for a fixed value of the anisotropy parameter of the suspension
stiffness, and it is here to be remarked that negative threshold values indicate that
there is no need of external dissipation sources (self-stabilizing rotor system). The
plots of this first figure are monotonicly increasing with the angular speed and thus,
Figure 8 was traced, showing the stability threshold in dependence on the
suspension anisotropy for infinite rotor speed, whose limit value indeed ensures the
rotor stability throughout the whole speed range. It is observable that the increase of
the suspension stiffness anisotropy yields a significant improvement of the stability
conditions and, for anisotropy levels larger than a certain value, the rotor system
turns out to be self-stabilizing for any angular speed, similarly to Fig. 5.

CONCLUSION

The present paper discusses on some procedures to counteract the destabilising
effect of the shaft internal hysteresis in the supercritical regime of a rotating machine,
by making use of external dissipative sources or by planning anisotropic support
stiffness, differentiated in the horizontal and vertical planes. An equivalent coefficient
of linear viscous damping, inversely proportional to the angular speed may be
introduced for the calculation of the hysteretic friction force, which may be assumed
proportional to the rotor centre velocity relative to a reference frame rotating with the
shaft end sections. Otherwise, in the hypothesis of Coulombian internal friction, the
internal force may be assumed constant and constantly in opposition to the relative
velocity. The Routh-Hurwitz method may be applied to control the linear stability of
the steady motion and the influence of several design characteristics of the rotor
system on the stability may be analyzed, searching in particular for the viscous level
needed for the stabilization in the whole speed range. The favourable effect of the
support anisotropy is remarkable for symmetric rotors, but tends to become less
efficacious when the rotor is mounted away from the mid-span. The two different
hypotheses about the internal friction, viscous or dry, do not affect remarkably the
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response and the stability of the rotating system, provided that the comparison is
made in conditions of equal dissipative work in a sufficiently long run. Moreover, the
simpler case of a symmetric rotor may be treated by averaging approximation
techniques, e. g. of the Krylov-Bogoliubov type, capturing helpful formulas for the
stability limits in correlation with the support stiffness characteristics.
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rotor:
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front support (4)

Detail

Fig. 1. Scheme of rotating machine.
Detail: reference system rotating with driving end section
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Fig. 2. Campbell diagrams 2, () for L3 = 0.3
(@) and (b): J;=0.1, Jy= 0.2 (oblong inertia ellipsoid)
(c) and (d): J;= 0.2, Jy= 0.1 (oblate inertia ellipsoid)
(@) and (€): Kax = Kax =1, K3y— K4y— 1
( ) and ( ) Kax= Kax =1, K3y— K4y— 2
Circles: axis whirl counter-directed. Crosses: front support whirl counter-directed
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(k) double loopsd path of point &y in the rotating frame Ol for £2=09,

Data

K = Kz =1, Kayy= Kyy= 2, Jy= 01, 03=02 Lz =03, =1, Mz=01, p=90F
ah = dz = 0.02, gy = diy = dyy = diy= 0.1, diy = 0.1, dlyz = 0.05.
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Fig. 4. Maximum and minimum orbital radii of the elliptical paths and slope of the

principal axes vs rotor angular speed (R;= ri/efori#2, Ro = [/¢* +v* /e).
Data: K3X= K4X= 1, K3y= K4y= 2, Jd= 0.1, Ja =0.2, L3 =0.3, Md= 0.1, Y= 90°

0y = b = 0.02, Gy = dgx = sy = Oy = 0.1, dy = 0.1, A = 0.05
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Fig. 5. Stability threshold d; :
Oax=dsx=0sy =y =ds, d1 =db=0, dyn=0.02
(a):influence of support anisotropy (Jy= 0.08, J; = 0.1, Ksx = Kux
= Ku Kay = Koy = K));
(b): gyroscopic effect (Kax = Kax = Ky, K3y = Kay = K));
(c):influence of support asymmetry (Jy = 0.1, J5 = 0.1, Kzx = Kz,
= K3, Kax = Kay = Ka);
(d):comparison with "infinite" vertical stiffness (Jy= 0.1, J; = 0.1,
K3X = K4x = KXa K3y = K4y = Ky)
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Fig. 6. Example of transient paths of point O, for viscous and dry hysteretic
force and equal dissipative work (50 revolutions). Data: d; = d> = 0, d, = 0.02
Kax=Kax=1, K3y =Kyy=3, Jy=0.1,J3=02,L3=04, =1, My=1, y=90°
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Fig. 7. Stability threshold of suspension-to-hysteretic damping ratio ds o / dn1 versus

shaft angular speed, for fixed suspension anisotropy.
Ky, K,:. dimensionless support stiffness coefficients in the horizontal and vertical

directions.
—a— viscous hysteresis —e— Coulombian hysteresis
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Fig. 8. Stability threshold of suspension-to-hysteretic damping ratio ds o / dp versus

support stiffness anisotropy, for infinite rotor angular speed.
Kx, K,: dimensionless support stiffness coefficients in the horizontal and vertical

directions.
—a— Viscous hysteresis —e— Coulombian hysteresis



